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1. INTRODUCTION

Vortices as topologically nontrivial distributions of
magnetization are encountered in many branches of the
physics of magnetism [1–4]. In 2D magnets, vortices
(coupled vortex pairs) play the role of nonlinear (soli-
ton) elementary excitations of the system [3, 4]. Free
vortices appear at high temperatures (

 

T

 

 > 

 

T

 

BKT

 

), leading
to a Berezinski–Kosterlitz–Thouless phase transition
for a 2D medium (see [5, 6] and reviews [3, 4]). Trans-
latory motion of vortices in 2D magnets is responsible
for the emergence of a central peak in dynamic correla-
tion functions, which is experimentally observed with
the help of inelastic neutron scattering (see detailed
work [7] and the literature cited therein). Vortices are
also formed in conventional magnetic materials prima-
rily due to the fact that vortex configurations of magne-
tization do not produce a demagnetizing field as a rule.
For this reason, the state with a solitary vortex is most
advantageous from the energy point of view for submi-
crometer mesoscopic samples of magnetically soft
materials of an approximately circular shape (so-called
magnetic dots [8]). Analysis of magnetic vortices is an
important part of the physics of condensed matter, in

which vortices appear in many systems with a continu-
ously degenerate ground state, including superfluidity
[9] and superconductivity [10] (including high-

 

T

 

c

 

superconductivity [11]), as well as atomic Bose–Ein-
stein condensates [12, 13]. In addition, in nonlinear
optics, vortices can be produced in a light beam propa-
gating in a medium with defocusing nonlinearity [14].

A specific feature of the dynamics of vortices as
compared to conventional particles or nontopological
solitons is the presence of a gyroscopic force of the
same type as the Lorentz force. The presence of gyro-
scopic force is a common property for various vortices
in superfluid systems [9] and superconductors [10, 11]
for optical vortices [14], and for vortices in ferromag-
nets [15–17] (see also reviews [2, 4]). At the same time,
inertial effects leading to Newtonian dynamics of soli-
ton excitations are negligibly weak for these systems.
This leads to a number of singularities in both classical
and quantum vortex dynamics, which will be discussed
below. It should be noted that gyroscopic force plays a
decisive role in quantum depinning of vortices in super-
conductors [18] and in the case of steady-state motion
of the vortex line and vortex lattice [19].
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—Semiclassical dynamics of magnetic vortices in 2D lattice models of easy-plane ferromagnets is
investigated. It is shown that the low-energy part of the spectrum of vortices treated as quantum excitations of
the system exhibits a nontrivial structure. The simplest spectrum is observed for standard magnetic vortices, in
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spectrum has a band structure consisting of several nonintersecting bands, whose number is determined only
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S

 

 and lattice symmetry. For purely 2D magnets with a single spin per unit cell, the
number of bands is 

 

S

 

 or 2

 

S

 

 for integral and half-integral values of spin 

 

S

 

, respectively. For a lattice with the basis
with an even number 2

 

n

 

 of spins per unit cell, the number of bands is 2

 

nS

 

 for any spins. The situation radically
changes for vortices in the cone state as compared to standard vortices, for which the magnetization at a long
distance from the center of a vortex rotates in the easy plane of the magnet. Vortices in the cone state are formed
under the action of a constant external field perpendicular to the easy plane of the magnet. As a rule, the spec-
trum for such vortices is not a standard band spectrum and forms a set such that a forbidden energy value can
be found in any small neighborhood of an allowed value, and vice versa. The possibility of an oscillatory motion
of a vortex under the action of a constant external force is indicated (analog of Bloch oscillations of electrons
in crystals). Possible realization of these effects in other ordered media with vortices is considered.
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Here, we study the dynamics of vortices (both clas-
sical and quantum-mechanical) in a 2D easy-plane fer-
romagnet on a lattice. Quantum properties of vortices
are discussed on the basis of the approach of collective
variables using the semiclassical approximation and by
comparing with some exactly solvable models. In Sec-
tion 2, we briefly describe (to the extent required for the
subsequent analysis) the vortex structure in the contin-
ual model of a ferromagnet and specific features emerg-
ing upon a transition to discrete (lattice) models of fer-
romagnets. The application of the simple gyroscopic
equation for the coordinate of the center of the vortex is
substantiated. In Section 3, this equation is used as the
basis for semiclassical quantization of the vortex
dynamics in the simplest model of a 2D ferromagnet on
a square lattice. It is shown that the problem can be
reduced to the so-called Harper problem (or Harper
equation) [20] with a quite nontrivial spectrum, for
which a large number of exact results have been
obtained (see [21]). It is found that the spectrum of vor-
tices as quantum excitations exhibits a band structure
with several (

 

S

 

 or 2

 

S

 

 for integral or half-integral atomic
spins, respectively) nonintersecting bands. Possible
generalizations of the problem of the vortex spectrum
in lattice models of ferromagnets, which often lead to
qualitative effects, are considered in Section 4. In Sec-
tion 5, a forced motion of a vortex under the action of a
constant external force is studied. As in the case of an
electron in a crystal, such a force may lead to an oscil-
latory motion of the vortex (Bloch oscillations).
Finally, in Section 6, conclusions are drawn, the appli-
cability of the results for other vortex-containing media
is discussed, and unsolved problems are listed.

2. STATIC AND DYNAMIC PROPERTIES
OF VORTICES IN FERROMAGNETS

A description of magnetic vortices in discrete lattice
models of a ferromagnet is usually based on the spin
Hamiltonian [4, 22, 23]

(1)

where  is the spin operator at a lattice site

 

 

 

l

 

, 

 

a

 

 are the
vectors connecting pairs of nearest neighbors, and 

 

J

 

 and

 

J

 

' are the exchange integrals. The single-ion anisotropy
with constant 

 

K

 

, which may appear when atomic spin

 

S

 

 > 1/2, is also taken into account. This spin Hamilto-
nian is characterized by purely uniaxial symmetry
(

 

C

 

∞

 

 axis in the spin space), which is necessary for the
fulfillment of the main condition for the existence of
vortices (namely, continuous degeneracy of the prob-
lem in the direction of spin in the easy plane). Taking
into account the existence of spin–orbit coupling in real
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x( )
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magnets, this condition also requires, strictly speaking,
uniaxial symmetry in the coordinate space. Conse-
quently, we assume that the lattice is also uniaxial; in
particular, we assume that all vectors 

 

a

 

 are modulo
equal (

 

|

 

a

 

|

 

 = 

 

a

 

). If we consider only Bravais lattices, this
confines the model to two cases (namely, quadratic and
triangular lattices).

The vortex structure can be described in the simplest
way using a phenomenological macroscopic approach.
At the first step in this approach, spins are treated as
classical vectors of a fixed length 

 

S

 

, which corresponds

to the substitution   

 

S

 

, 

 

|

 

S

 

|

 

 = 

 

S

 

. In fact, the same
approximation emerges as a result of semiclassical
analysis based on the formalism of spin coherent states
(see [24, 25]). Further, we assume that the directions of
the spins slowly vary in space. As a result, the state of
the system is determined by specifying magnetization

 

M

 

(

 

r

 

, 

 

t

 

), 

 

|

 

M

 

(

 

r

 

, 

 

t

 

)

 

|

 

 = 

 

M

 

s

 

 = const as a function of coordi-
nates and time, 

 

M

 

s

 

 being the saturation magnetization.
In the 2D case, which will be mainly discussed in the
article, we consider magnetization per unit area of the
magnet, 

 

M

 

s

 

 = 

 

g

 

µ

 

B

 

S

 

/

 

v

 

0

 

, where 

 

g

 

 is the gyromagnetic
ratio, 

 

µ

 

B

 

 is the Bohr magneton, and 

 

v

 

0

 

 is the area of a
2D crystal per spin. It is also convenient to use normal-
ized magnetization 

 

m

 

(

 

r

 

, 

 

t

 

) = 

 

M

 

(

 

r

 

, 

 

t

 

)/

 

M

 

s

 

 (

 

m

 

 is the unit
vector) and write it in angular variables 

 

θ

 

, 

 

ϕ

 

:

(2)

The magnetization dynamics of a ferromagnet is
described by the well-known Landau–Lifshitz equa-
tions without damping,

(see, for example, [1–3]). In terms of variables 

 

θ

 

, 

 

ϕ

 

,
these equations can be derived from the energy func-
tional

(3)

integration is carried out in the plane of the 2D magnet,
and the effective easy-plane anisotropy constant 

 

K

 

e

 

 > 0
is introduced, which receives contributions from
anisotropy of spin interactions as well as from single-
ion anisotropy:

(4)

Here, we take into account quantum renormalization of
single-ion anisotropy for a finite value of spin, which
can easily be obtained using coherent spin states [25],

Ŝ
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and z is the number of nearest neighbors. Since a phe-
nomenological description requires the smallness of Ke as
compared to exchange constant J, we assume that K � J
and J – J ' � J. By virtue of the last condition, in writing
the exchange energy in the form (3), we set J ' = J.

The static Landau–Lifshitz equations following
from the expression for this energy have the vortex
solution

(5)

where r and χ are polar coordinates in the magnet
plane, ϕ0 is an arbitrary constant, q is an integer defin-
ing the π1 topological charge of the vortex, and function
θ(r) is described by ordinary differential equations (see
[2–4] for details). Away from the vortex, θ(r)  π/2
and significant deviations of θ(r) from its equilibrium
value θ = π/2 are localized in the inner region (vortex
core). The vortex core size is determined by quantity

r0 = a  and exceeds the lattice constant for a
small anisotropy Ke � J. At the center of the vortex,
cosθ(0) = ±1 = p, quantity p (polarization of the vortex)
plays the role of the π2 topological charge. In the frame-
work of the macroscopic approach, the position of the
vortex (the origin of the system of coordinates used in for-
mula (5)) is naturally not fixed. The solution for the vor-
tex located at a certain point R = (X, Y) can be obtained
from Eq. (5) by the substitution r  |r – R|; i.e.,
r2  (x – X)2 + (y – Y)2, χ  arctan[(y – Y)/(x – X)].

In an unbounded magnet considered in the contin-
uum approximation, the energy of a vortex is indepen-
dent of its position. When boundaries are taken into
consideration, the interaction of the vortex with the
boundaries takes place; however, this interaction is
weak for a large size of the system. This ensures a slow
spin dynamics, which can be considered as the motion
of the vortex as a whole without a change in its struc-
ture. Consequently, in the description of the low-fre-
quency vortex dynamics, it is natural to apply the
method of collective variables, choosing the vortex
coordinates X and Y (or R) as variables and assuming
that these variables depend on time. Such an approach
can be substantiated by the standard perturbation the-
ory for solitons; it is reliably verified by direct numeri-
cal simulation of vortex dynamics in large lattice-type
systems [4, 22, 23]. This approach also provides a cor-
rect description to the experimentally observed low-fre-
quency dynamics of vortices in submicrometer mag-
netic particles (magnetic dots), in which the vortex is in
the ground state due to the magnetic dipole interaction
[26].

Let us consider the change in the above properties of
the vortex upon a transition from the continuum
description to the lattice model (1). It should be noted
above all that the above-described vortex with an out-
of-plane core exists only for moderate anisotropy, Ke <
Kc, where Kc is a certain critical value (Kc = (0.6–0.8)J
depending on the type of the lattice and anisotropy. On

ϕ qχ ϕ0, θ+ θ r( ),= =

J /Ke

the other hand, at large distances from the core, θ ≈ π/2,
∇ϕ ~ q/r, and the magnetization gradient is low even for
a substantial anisotropy Ke ~ J, when r0 ~ a. Conse-
quently, the phenomenological description and, in par-
ticular, the topological analysis of the vortex based on
it, are completely applicable. It fact, it turned out that
the phenomenological approach satisfactorily describes
the vortex core structure in the case of strong anisot-
ropy (e.g., for Ke = 0.2J, when r0 ≈ 1.5a [27]. If, how-
ever, anisotropy is extremely strong (Ke ≥ Kc), the core
is absent, θ = π/2 in the entire space, and a planar vortex
is formed with a characteristic “cross” of spins at the
center (in phenomenological description, such a vortex
is singular).

The method of collective variables can also be
developed for a lattice model of a magnet (the defini-
tion of the vortex coordinate in the lattice and the
method for calculating this quantity in numerical simu-
lation in vortex dynamics can be found in [4]). Natu-
rally, the vortex energy in this case depends on its posi-
tion relative to the crystal lattice, which can be
described by introducing the lattice pinning potential
U(X, Y), which is periodic with the lattice period [22].
In the simplest case of a square lattice, the pinning
potential can be chosen in the form [22]

(6)

Here, the potential amplitude U0 = κJS2, where J is the
exchange integral, S is the atomic spin, and κ is the
dimensionless parameter. The value of κ strongly
depends on the core radius (i.e., on the effective anisot-
ropy constant Ke). For extremely strong anisotropy Ke ~
Kc, for which out-of-plane vortices still exist, the value
of constant κ is not small (e.g., κ ~ 0.4 for Ke ~ Kc), but
constant κ rapidly decreases upon a decrease in Ke/J;
i.e., κ ~ 1.2 × 10–2 for Ke/J = 0.3 and κ < 10–3 for Ke/J <
0.2 (see [22] for more detailed data).

The main feature of the vortex dynamics in ordered
media is the emergence of a gyroscopic force FG = [G ×
dR/dt], G = Gez, acting on a vortex moving at a velocity
V = dR/dt. The presence of the gyroscopic force has
been reliably established for ferromagnets, supercon-
ductors, and superfluid systems, as well as for vortices
in nonlinear optics. For ferromagnets, the gyroscopic
constant G is defined as

(7)

where integration is carried out over the entire range of
variables θ and ϕ in the vortex. In fact, the integral
appearing in Eq. (7) is a π2-topological invariant for the
vortex (see [2, 25] for details) and the expression for the
gyroscopic force acquires a combination of the above-
mentioned integral indices q and p (product pq is
numerically equal to the π2-topological charge of the
vortex). For the out-of-plane vortices (pq ≠ 0), the vor-
tices most advantageous from the energy point of view

U X Y,( ) U0
πX
a

-------sin
2

sin2πY
a

-------+⎝ ⎠
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G
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gµB
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correspond to the minimum value of the topological
charge pq = ±1. For a planar vortex, we must set pq = 0;
for such a vortex, only the π1 topological charge q is
nontrivial and the gyroscopic force is zero. In the fol-
lowing analysis, we will consider only out-of-plane
vortices with a core.

In the main approximation in time derivatives, the
dynamics of an out-of-plane vortex is purely gyro-
scopic and can be described by the equation

(8)

where Fe is the external force acting on the vortex. For
a potential motion, Fe = –∇U, U = U(X, Y) is the vortex
potential, which can be due to the interaction of the vor-
tex with the boundaries of the system; for crystalline
magnets, potential U = U(X, Y) includes the lattice pin-
ning potential also.

The applicability of simple Eq. (8) corresponds to
the possibility of disregarding inertial effects in the vor-
tex dynamics. Such an approximation is adequate in the
description of forced motion of vortices in supercon-
ductors and superfluid systems and can also be used for
analyzing the motion of a plasma in a strong magnetic
field (the so-called guiding center approximation; see
[28]). It was mentioned above that this approximation
applied to vortices in ferromagnets matches the aggre-
gate of the data (both numerical and experimental) con-
cerning the low-frequency vortex dynamics. Moreover,
it was found that the possibility of describing a faster
dynamics of magnetic vortices beyond the limits of the
simple gyroscopic equation (8) is rather doubtful in the
case of a ferromagnet. The results of direct numerical
simulation of motion of vortices in large lattices con-
firm Eq. (8) as the main approximation, but disagree
with its trivial generalization carried out by adding the
Newton inertial term of the type Md2R/dt2 to the left-
hand side of Eq. (8). An adequate description of numer-
ical experiments in the next approximation can be
obtained only when a “higher gyroscopic force” of the
type [Gs × d3R/dt3] is taken into account along with this
term. In particular, instead of the standard motion in a
cycloid characterized by two (low and high) frequen-
cies, a more complex motion with a weakly split high-
frequency doublet appears in this case [22]. A similar
behavior was also observed in experiments with mag-
netic dots in the vortex state [29]. Considering the
effective mass of a magnetic vortex, it is also appropri-
ate to note that we are not aware of calculations of the
effective mass of a vortex in ferromagnets. The values
of effective mass in other ordered media are determined
by various physical phenomena, which are obviously
absent in model (1) (e.g., the presence of localized
states of quasiparticles in the vortex core in a supercon-
ductor [10, 11] or the compressibility of superfluid
helium [9]). For this reason, we will proceed in our
analysis from the simple gyroscopic equation (8).

Interesting static and especially dynamic effects
appear in the presence of an external magnetic field H,

G dR/dt×[ ] Fe,=

which corresponds to the addition of the Zeeman term
–gµBH  to Hamiltonian (1). The vortex solution
exists when the field does not violate infinite degener-
acy of the ground state of the magnet. This means that
field H must be directed parallel to the chosen axis of
the system and its magnitude must be small (H < Ha,
where Ha = 2KeS/gµB is the anisotropy field). In the
presence of a field H < Ha, the ground state of the sys-
tem corresponds to cosθ = cosθ0 = H/Ha and two types
of vortices exist, viz., more advantageous “light vorti-
ces” with cos θ(0) = +1 and less advantageous “heavy
vortices”, for which cos θ = –1 for r = 0 [23, 30]. In the
macroscopic approximation, heavy vortices are stable
(metastable) for any admissible values of field H, 0 < H <
Ha [30]. This conclusion must also be observed for lat-
tice models in the limit Ke/J  0. However, the stabil-
ity of heavy vortices in lattice models can be violated in
fields H < Hc � Ha even for relatively small, but finite
values of anisotropy Ke ≤ (0.1–0.01)J [23]. For this rea-
son, we will confine our subsequent analysis to more
advantageous vortices without mentioning the concept
of a light vortex.

With increasing magnetic field, the core size
increases, while the vortex energy (in particular, the
characteristic value of the pinning potential) decreases.
It is important to note that the presence of an even weak
external field rules out a solution of the planar vortex
type even in an extremely anisotropic magnet described
by the XY model, in which J' = 0 and, formally, Ke =
zJ/2 > J [23]. Consequently, vortices in a magnetic field
necessarily possess gyroscopic properties. For our
analysis, it is important that the gyroscopic force con-
stant G = G(H) continuously depends on magnetic field
[30]:

(9)

The origin of this dependence is obvious; it directly fol-
lows from the general expression (7) on account of the
fact that the magnetization in a cone-state vortex covers
only a part of the hemisphere m2 = 1, (m · H) > 0. In the
classical vortex dynamics, for small ratio H/Ha, the
G(H) dependence is immaterial; however, it will be
shown below that this dependence leads to a qualitative
change in the form of the spectrum in the corresponding
quantum-mechanical problem.

3. QUANTIZATION OF THE MOTION
OF VORTICES IN THE SIMPLEST MODEL

OF A FERROMAGNET

In accordance with Eq. (8) of the gyroscopic
approximation, the vortex dynamics in the presence of
an external potential U(X, Y) is described by the equa-
tions

(10)

Sll∑

G H( ) G 1 H/Ha–( ).=

G
dX
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------- ∂U X Y,( )

∂Y
-----------------------, G

Yd
dt
------–
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where X, Y are the coordinates of the vortex center. By
the way, this equation for U(X, Y) = 0 describes a vortex
“frozen” in the condensate (i.e., it implies the absence
of free motion of the vortex [16]). The general property
of vortices in different models of ordered media is that
a vortex can move only in the presence of an external
force.

In semiclassical analysis of this dynamic problem, it
is expedient to pass to the Hamiltonian formalism.
Equations (10) can be represented as the Euler–

Lagrange equation with the Lagrangian L =  – U,

where  = (G/2)[(dX/dt)Y – (dY/dt)X]. The gyroscopic

term  formally coincides with the term for a particle
with charge e in a constant magnetic field B = Bez,
eB = G, in the standard gauge for the vector potential of
the magnetic field. However, it is more convenient for
our purposes to proceed from the Landau gauge used
for the first time for describing the motion of an elec-
tron in a magnetic field (see [31]) and to write the
Lagrangian in the form

(11)

For such a Lagrangian, the canonic momentum P con-
jugate to coordinate X is P = GY. Accordingly, the
Hamiltonian H = H(P, X) of the system coincides with
potential U(X, Y), in which we carry out the substitution
Y  P/G. The corresponding Hamilton equation

(12)

has the following obvious integral of motion:

(13)

Hamilton equations (12) correspond to a dynamic sys-
tem with a single degree of freedom and their solution
can be written in quadratures for any potential U(X, Y).
It is more important for our analysis that the vortex
dynamics can be explained comprehensively by using
the phase plane method [32]. Without specifying the
form of the potential, we can note that the dynamics of
this system for various potentials U(X, Y) exhibits sin-
gularities that do not appear in standard mechanical
dynamic systems with a parabolic momentum depen-
dence of the Hamiltonian, Hmech = P2/2m + U(X). This
property is clearly manifested in the example of a vor-
tex in the lattice pinning potential U(X, Y), which will
be considered below. Since this potential has the sim-
plest form for a ferromagnet with a square lattice, we
will confine our analysis in this section to this case. We
also assume that the external magnetic field is absent,
leaving more complex examples for the next section.

In the description of a vortex in the lattice model of
a ferromagnet, function U(X, Y) is the pinning potential

Ĝ

Ĝ

Ĝ

L GY
dX
dt
------- U X Y,( ).–=

dP
dt
-------

∂H
∂X
-------,

dX
dt
-------– ∂H

∂P
-------= =

H P X,( ) U X
P
G
----,⎝ ⎠

⎛ ⎞ const.= =

and can be chosen in the form (4). Thus, to describe the
vortex dynamics in the pinning potential taking into
account the substitution Y  P/G, we obtain the clas-
sical dynamic Hamiltonian system with a Hamiltonian
of the form

(14)

where the periodicity of the pinning potential in two
coordinates was transformed into a periodic depen-
dence of the Hamiltonian on the coordinate and
momentum. The period of H as a function of P is deter-
mined by quantity P0, whose value is of fundamental
importance for the subsequent analysis. Taking into
account the general expression (7), we find that G =
2π�S/a2 for a square lattice. Consequently, the value of
P0 for the square lattice is determined only by the lattice
constant and the value of atomic spin,

(15)

Thus, we naturally arrive at the dynamic problem
with a Hamiltonian (essentially, the classical energy),
which is a periodic function of variables X and P with
upper and lower bounds. The periodic dependence of
energy on momentum is usually associated with the
dynamics of a quantum particle in a periodic potential;
in the present case, it is a consequence of the quantum-
mechanical Bloch theorem. It is important to empha-
size that these properties (periodicity in momentum and
upper boundedness) in our case are observed even in
the classical theory of motion and have nothing in com-
mon with any quantum effects. It should be noted that
a similar problem, but with twice as large a value of P0,
emerges in the semiclassical description of the domain
wall dynamics in the 1D Ising model in the presence of
an external magnetic field perpendicular to the easy
axis [33].

The above properties of the Hamiltonian of a vortex
(the upper boundedness and periodicity in both vari-
ables) lead to the results differing qualitatively from
those obtained in the standard quadratic approximation
both for purely classical motion of vortices and for
quantization of this motion. We begin with a purely
classical analysis of the motion of vortices. Let us con-
sider the phase portrait of dynamic system (14). It can
easily be seen that two systems of singular points of the
“center” type exist on the phase plane (Fig. 1). One of
these systems (centers of the C1 type) corresponds to
the minima of Hamiltonian (14) relative to both vari-
ables X and P,

Here and below, n and m are integers. These singular
points possess the same properties as the singular
points of the type of the center for standard mechanical
systems with a parabolic momentum dependence. The

H U0
πP
P0
-------sin

2
sin2πX

a
-------+⎝ ⎠

⎛ ⎞ ,=

P0
2π�S

a
-------------.=

C1: X an, P P0m, HC1 0.= = =
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centers of the other type (C2-type centers) are located
at the maxima of the Hamiltonian with respect to both
variables X and P,

The C2-type centers differ from the standard centers in
the direction of motion of the representation point on
the phase plane (see Fig. 1). The existence of such cen-
ters, which describe stable small oscillations of a vortex
in the vicinity of the potential maximum, is a unique
property of a dynamic system with the Hamiltonian
H(P, X) bounded from above.

On the phase plane, there also exist two types of sad-
dle points, S1and S2, corresponding to a Hamiltonian
maximum with respect to one of variables X or P or a
minimum with respect to the other variable,

and

The saddle points of various types differ from one
another in the direction of motion of the representation
point, which is standard for points of the S1 type; for
S2-type points, the positions of incoming and outgoing
trajectories are reversed. For saddle points of both

C2: X
a
2
--- 2n 1+( ), P

P0

2
----- 2m 1+( ),= =

HC2 2U0.=

S1: X
a
2
--- 2n 1+( ), P P0m= =

S2: X an, P
P0

2
----- 2m 1+( ).= =

types, the values of the Hamiltonian coincide and are
equal to U0. For allowed values of the integral of
motion (0 ≤ H ≤ 2U0), the phase plane (X, P) is divided
into regions with different types of finite motion. These
two types of finite motion are present within a unit cell
of the crystal. One type of finite motion corresponds to
oscillations of a vortex in the vicinity of a potential
minimum, which is a standard situation in analytical
dynamics of particles. The second type of finite motion
(namely, oscillations in the vicinity of the upper value
of the Hamiltonian) is present only in the case when the
Hamiltonian as a function of two variables (coordinate
and momentum) has an upper bound. These regions of
finite motion of different types are separated by separa-
trices, which are segments of a straight line. The sepa-
ratrices connect saddle points of various types and form
a 2D network. As a result, infinite motion is absent in
the given problem.

Let us now consider semiclassical quantization of
vortex dynamics. It can easily be shown that the area A0
of the phase plane (mechanical action) per unit cell of
the crystal (or, equivalently, per element of the above-
mentioned network on the phase plane) is A0 = aP0 =
2π�S. Thus, it follows from the Bohr–Sommerfeld
quantization rule, taking into account the fact that a vor-
tex can be in two states with polarization p = ±1, that
the number of quantum eigenstates of the vortex, which
are associated with its oscillations within a unit cell,
must be 2(A0/2π�) = 2S. This value is large; i.e., the
dynamics can be semiclassical only for large values of
spin S � 1. Thus, we arrive at the first nontrivial con-
clusion on the quantum dynamics of a magnetic vortex
in the lattice: the measure of “quantization” of this
motion is independent of pinning potential U0 as well as
of the number of spin deviations ∆S ≈ S(r0/a)2 in the
vortex core, which can be large for r0 � a, i.e., for
Ke � J. The motion can be treated as “ultra-quantum-
mechanical” with only one level in the well for spins
S = 1/2 and S = 1. Quantum effects are significant for
moderate values of spin of the type S ≤ 5/2. It should be
noted that the situation is different for another quantum
effect, which is discussed for magnetic vortices
(namely, the tunnel variation of the sign of polarization
of the vortex): the tunneling probability is exponen-
tially low in parameter ∆S ≈ S(r0/a)2 � 1 [34].

Hamiltonian (14) does not contain small parameters
(except the semiclassical parameter 1/S, whose role
will be discussed below); however, it is expedient to
employ the weak binding approximation, which is
often used in the theory of electronic states in crystals,
in a qualitative description of its spectrum. We replace
coefficient U0 of “potential energy” sin2(πX/a) in for-
mula (14) by λU0 and formally assume that the value of
λ is small. Then momentum P in the zeroth approxima-
tion in λ is an integral of motion and the spectrum of the
problem repeats the dependence of Hamiltonian (14)
on P, E(0)(P) = U0sin2(πP/P0). Further, we consider the

term (X) = λU0sin2(πX/a) as a perturbation. Clearly,Ũ

Fig. 1. Phase plane for dynamic variables P and X of a vor-
tex. Separatrix trajectories are shown by solid lines, while
trajectories corresponding to finite motion of both types are
shown by dashed curves. Dark and light circles denote the
positions of singular points of the types C1 and C2 centers;
crossing lines correspond to saddle points.
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the role of this term is the same as that of an ordinary
lattice potential in the standard weak binding approxi-
mation, when the unperturbed spectrum is parabolic,
E(0)(P) = P2/2m* (m* is the effective mass). In the
zeroth approximation, the eigenfunctions have the form
ψ(0) = exp(iPX) with energy E(0)(P) = U0sin2(πP/P0),
where momentum P is an integral of motion. The effect

of potential (X) with period a leads to the formation
of Bloch states, which are superpositions of ψ(n) =
exp(iPX + inPB); momentum is transformed into a quasi-
momentum and the energy–momentum relation becomes
periodic with a period equal to the size of the correspond-
ing first Brillouin zone, PB = 2π�/a. In the weak binding
approximation, the spectrum is obtained by superposition
of the functions obtained from the unperturbed energy–
momentum relation E(0)(P) with a displacement of the
argument by nPB, where n are integers. At the points of
intersection of functions E(0)(P + nPB) with various values
of n, the effect of the perturbation is the strongest and for-
bidden energy bands are formed.

It is well known that, as a result of application of this
procedure for a standard 1D problem with a parabolic
function E(0)(P) = P2/2m*, a Bloch dispersion relation
with function E(P) sets in, which is periodic with
period PB and has nonoverlapping allowed energy
bands separated by forbidden gaps with a width on the

order of . This pattern is in principle not connected

with the smallness of (X); with increasing

max{ (X)}, the forbidden gap increases and the
allowed bandwidth decreases. In our case, even the
unperturbed dispersion relation is described by a peri-
odic function E(0)(P) = U0sin2(πP/P0); consequently,
this can result in the emergence of a rather complicated
periodic dependence, whose total period must be
matched with quantities P0 = 2πS�/a and PB = 2π�/a.
Considering that the weak binding approximation can

Ũ

Ũ

Ũ

Ũ

be applied only qualitatively, it is expedient to consider
this situation and, especially, the existence or the num-
ber of intersections in the unperturbed spectrum and the
number of bands associated with it.

The situation is the simplest for small spins: periods
P0 and PB just coincide for S = 1 and the value of PB for
S = 1/2 is equal to 2P0. In both cases, there are no inter-
sections and we can expect that the spectrum consists of
the allowed band alone. For integer values of S, the sit-
uation is also clear: quantity P0 = SPB is the common
period, and S conventional bands with a size of PB lie
within the “magnetic” Brillouin zone –P0/2 < P < P0/2.
Consequently, there are S intersections within the mag-
netic band and the spectrum consists of S energy bands
(Fig. 2a). For half-integer spins S > 1/2, the situation is
more complicated. It can easily be seen that the shift of
the spectrum to the right by PB is equivalent to the shift
to the left by PB/2 (Fig. 2b). As a result, the total period
satisfying both conditions must be equal to PB/2 =
P0/2S; consequently, the number of bands also
increases and becomes equal to 2S (Fig. 2c). Thus, in
perturbation theory, the total period in E(P) for a spin
S ≥ 1 is equal to PB for an integer spin and to PB/2 for a
half-integer spin. Accordingly, the value of the spin
determines the number N of allowed energy bands in
the spectrum E(P) of the problem; N = S for integer
spins and N = 2S for half-integer spins. Naturally, the
Bloch theorem, which only states that energy E(P) does
not change upon a shift in momentum by PB = 2π�/a, is
valid for any value of spin. This regularity will be con-
firmed below by comparing with the results obtained in
the framework of the above-mentioned Harper model (see
[20, 21]), for which the exact quantum spectrum is known.

Let us return to the semiclassical analysis of the
problem, which is more suitable to the problem for
large values of spin and is formally applicable for large
spins S � 1. It was mentioned above that Bohr–Som-
merfeld quantization indicates the existence of 2S (on
account of the possibility of two values of vortex polar-
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Fig. 2. Energy–momentum relation for vortices with spin S = 2 (a) and 3/2 (c) and the scheme of formation of the spectrum in the
case of a half-integer spin (b).
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ization p = ±1) localized energy levels within a unit cell
of the crystal. Naturally, such states will be transformed
in an energy band if we take into account the tunnel
transitions between these states corresponding to dif-
ferent unit cells of the lattice. The standard situation for
semiclassical systems (such as a vortex in a ferromag-
net with a large spin) is the smallness of the tunneling
probability, which is formally described by the strong
binding approximation known from the theory of elec-
tronic states.

To estimate the number of states more accurately, let
us consider the energy values En of the levels in the low-
energy range (En � U0). In this region, we can use the
parabolic approximation for the H(X, P) dependence in
both variables P and X, which transforms expression
(14) to the Hamiltonian of a harmonic oscillator and
gives En = �ω0(n + 1/2). Here, the value of frequency
ω0 = πU0/�S; i.e., ω0 = κπJS/� (see formula (6)).
In view of the symmetry of Hamiltonian (14) of the ini-
tial problem relative to the substitution X  X + a/2,
P  P + P0/2, H  –H + 2U0, for the states close to
the maximum of the Hamiltonian we obtain Em = 2U0 –
�ω0(m + 1/2), where m is an integer. Thus, for semiclas-
sical spins S � 1, the value of En for n � S may be
smaller than U0.

The width ∆En of the nth energy band can be deter-
mined from analysis of tunneling between quantized
energy levels En. In the semiclassical approximation, it
is sufficient to consider only the tunneling between
adjacent states; the probability of this tunneling is usu-
ally exponentially low in the small semiclassical
parameter 1/S. Thus, we can expect that the bandwidth
∆En for S � 1 may be smaller than the value of U0 and
even En.

The best way to study the tunnel splitting of energy
levels is the use of the instanton approach, which can be
employed in an arbitrary field theory (see [25, 35, 36]).
In this approach, the probability amplitude P12 of a
quantum transition from one preset state to another is
determined by the integral over trajectories

where

is the functional of mechanical action, L(X, dX/dt) is the
Lagrangian describing the dynamics of the X coordi-
nate, and DX denotes integration over all possible tra-
jectories satisfying the preset boundary conditions. For
specific computations, it is convenient to pass to imag-
inary time t  iτ (to perform the Wick rotation). This
gives rise to the Euclidean propagator

DX
iA X[ ]

�
--------------,exp∫

A X[ ] tL X t( )[ ]d∫=

DX
AE

�
------–⎝ ⎠

⎛ ⎞ ,exp∫

where the Euclidean action is written in the form

The instanton solution defines the trajectory for which
the tunneling probability is maximal. The construction
of this solution can be represented as minimization of
AE with respect to X(τ) and P(τ). The minimum of the
Euclidean action is realized on the solution of the cor-
responding Euler–Lagrange equation for the functional
of action or, equivalently, on the solution of the Hamil-
ton equation (12) with the substitution t  iτ. It can
easily be seen that the simple substitution P  iΠ
simultaneous with the Wick rotation makes the problem
of the search for an instanton solution to Eq. (12) a
Hamiltonian problem again with real canonically con-
jugate variables X and Π, whose dynamics is described
by the real-valued Hamiltonian HE:

(16)

It should be noted that more general complex solutions
of the type X = X ' + iX '' and P = P ' + iP '' are also pos-
sible in the given problem, the only requirement being
that the solution attain the real value X = an, P = P0m
(n and m are integers) for τ  ±∞. Analysis of the
system for real variables X ', X '', P', and P" can be
reduced to an integrable Hamiltonian system with two
degrees of freedom and it has a continuous set of solu-
tions satisfying the required boundary conditions.
However, this family can be obtained from the real
solution by simple transformation of the argument
τ   = τ + iψ (see [37] for details. It should be noted
that our problem is symmetric relative to the substitu-
tion of Y for X and X for Y; this symmetry is transformed
into an interesting symmetry of instanton solutions.
The transformation of variables into real-valued quan-
tities in the instanton problem can also be carried out in
a different way (namely, by the substitution X  iΞ
which preserves the real-valuedness of momentum P;

this corresponds to Hamiltonian :

(17)

The corresponding instanton solution in the framework
of the Hamiltonian formalism describes the tunneling
of momentum (see the phase portrait in Fig. 3b). Obvi-
ously, the values of the Euclidean action and the tunnel-
ing probability coincide for both processes. The inclu-
sion of all such instantons with 0 ≤ ψ ≤ 2π might be
important for describing tunneling in small ferromag-
netic particles [37] and especially destructive interfer-
ence effects. However, in our case it is sufficient to ana-
lyze a simple “real” solution of one of the above-men-
tioned problems, (16) or (17).

Let us consider for definiteness the equations for
variables X and Π. The conservation of the “Euclidean

AE LE X P,( ) τ.d∫=

HE U0
πX
a

-------sin
2 πΠ

P0
--------sinh

2
–⎝ ⎠

⎛ ⎞ .=

τ̃

H̃E

H̃E U0
πP
P0
-------sin

2 πΞ
a

-------sinh
2

–⎝ ⎠
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energy” HE makes it possible to find the explicit rela-
tion between X and Π on any trajectory (i.e., to con-
struct a “phase portrait” of the instanton problem; see
Fig. 3a). Here, it is also appropriate to note that our
problem differs from the standard “Newtonian” prob-
lem. For a parabolic dependence of energy on momen-
tum, the numbers of singular points for the classical
dynamic problem and the problem obtained by Wick’s
rotation and transformation of variables P  iΠ into
real-valued variables coincide. For both problems, the
positions of singular points on the (X, P) and (X, Π)
planes are the same (Π = iP) and a transition from one
problem to the other is carried out in accordance with
the following simple rule: a singular point of the type of
center (Xc, Pc) on the (X, P) plane corresponds to a sad-
dle point with X = Xc, Π = Pc on the (X, Π) plane, while
the saddle point (Xs, Ps) is a singular point of the type
of the center with an “anomalous” direction of circum-
vention (like points C2 in Fig. 1). For a nonparabolic
dependence of H on P, it is impossible to find such a
simple regularity. Our case is a good illustration to this
fact; it is sufficient to compare the phase portraits in
Figs. 1 and 3.

Let us now analyze the instanton solutions describ-
ing tunneling. We can write the exact solutions for
instantons. For example, in variables P and Ξ, an
instanton is described by an explicit expression of the
type

where we denote for brevity θ = πP/P0, ϕ = πΞ/a, ξ =
ω0τ, and ω0 = 2U0π2/aP0; a solution of the second type
can be obtained via the obvious substitution θ = πX/a
and ϕ = πΠ/P0.

We confine ourselves to a description of tunneling
between the lowest energy states of a vortex; in the lan-
guage of classical mechanics, this corresponds, say, to
a transition from the state X = 0, P = 0 to a state with
X = a, P = 0. Such a transition can be described by an
instanton solution with the following boundary condi-
tions: X = 0, Π = 0 for τ  –∞ and X = a, Π = 0 for
τ  +∞. This solution corresponds to the value of
HE = 0 in formula (16); consequently, we can easily
write the expression for Euclidean action in the form

(18)

Taking into account the explicit dependence Π(X) fol-
lowing from formula (16) for HE = 0 upon the substitu-
tion X/a  ϕ, the expression for Euclidean action on

θcos
2 ξsinh

2 ξsinh
2

1+
--------------------------------, ϕcos

2 ξcosh

2 ξsinh
2

1+
--------------------------------,= =

AE Π X( ) Xd
τd

-------⎝ ⎠
⎛ ⎞ τd

∞–

∞

∫=

=  Π X( ) X .d

0

a

∫

the instanton solution can be reduced to a simple inte-
gral and can easily be evaluated,

(19)

where  is the Catalan constant,  ≈ 0.915966. Thus,
for a purely 2D system, the value of AE/� can be large
only due to the high value of spin S. The width of the
corresponding energy band is determined via the split-
ting of the lower level ∆0, ∆E0 = 2∆0, where

AE

2P0a

π2
------------ Arsinh ϕsin( ) ϕd

0

π/2

∫ 4�S
π

----------G̃,= =

G̃ G̃

Fig. 3. Phase plane for variation of real-valued variables
describing tunneling of a vortex for two different versions
of transition to real values: (a) variables Π, X; (b) variables
P and Ξ (see text). Separatrix trajectories corresponding to
instanton solutions are shown by solid curves, the remain-
ing trajectories are represented by dashed curves. Singular
points of the center type are denoted by dark circles; cross-
ing lines correspond to saddle points.
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(20)

in accordance with the standard rules [35].
In view of the above-mentioned symmetry of

Hamiltonian (14) of the initial problem relative to the
substitution X  X + a/2, P  P + P0/2, and H 
–H + 2U0, the same result will obviously hold for the
energy band formed from the uppermost level ∆EN also,
where N is the total number of bands. These two bands
(upper and lower) have the minimal widths, while for
bands with an intermediate values of n or N – n, 1 < n <
N/2, we can use the following universal formula:

(21)

here, AE is defined by formula (20). This equation
shows that the splitting energy for n > 1 continues to be
exponentially low with respect to spin S � 1, but it is
characterized by a larger value of the preexponential
factor. However, the energy is not low for central bands,
where it is on the order of �ω0 [33].

An additional argument supporting the above state-
ments and the refinement of the number of energy
bands (which is especially important in the special case
of a half-integer spin) can be obtained from the known
exact result for the Harper problem [20, 21], which
emerges in the problem of quantum motion of electrons
in a periodic potential in a magnetic field. The Harper
problem is a quantum-mechanical single-particle prob-
lem with the Hamiltonian

(here, we set � = 1), which can be reduced to formula
(14) by a change of variables. The form of the spectra
for the Harper Hamiltonian is a nontrivial function of
parameter β (in particular, on whether or not β is a
rational number). If β = m/n (i.e., in the case of the so-
called rational Harper equation), the energy eigenval-

ues for Hamiltonian  demonstrate n nonoverlapping
bands. A simple canonical transformation p  2πP/P0
and q  XP0/2π transforms our Hamiltonian (14) into

the Harper Hamiltonian  with β = 1/S. This imme-
diately leads to the above result (N = S for an integer S
and N = 2S for a half-integer S). Thus, in the problem of
quantum motion of a vortex in a ferromagnet, the
behavior of the quantities for integer and half-integer
values of spin is different. The same regularities were
observed earlier for spin chains with antiferromagnetic
interaction [38] and in the effect of tunneling of the
total spin of small magnetic particles [25, 36], as well
as for tunnel variation of topological charges of domain
walls and disclinations in antiferromagnets [25].

Summarizing the results of this section, we note that
the result of quantization of the motion of vortices is
quite unexpected: the dynamics of a magnetic vortex in

∆0 �ω0

AE

�
------

1/2 AE

�
------–⎝ ⎠

⎛ ⎞exp≈

∆En �ω0

AE

�
------

n 1/2+ AE

�
------–⎝ ⎠

⎛ ⎞ ;exp≈

ĤH p/2( )sin
2 πβq( )sin

2
+=

ĤH

ĤH

the 2D model of a ferromagnet with a square lattice for
moderate values of spin S is essentially quantum-
mechanical; the spectrum of the given problem has the
band structure and contains S allowed energy bands for
an integer spin of the atom and 2S bands for a half-inte-
ger spin.

4. POSSIBLE GENERALIZATIONS
OF THE PROBLEM

Let us now consider possible generalizations of the
simple problem considered above. The first question
that arises here is connected with the sensitivity of the
result to the lattice structure of the ferromagnet. The
uniaxial symmetry required for the existence of vorti-
ces can be realized only for symmetric lattices, includ-
ing the square and triangular Bravais lattices, as well as
some complex lattices like the hexagonal honeycomb
lattice. The existence of vortices in all such lattices has
been reliably established by simulation [39]. As
expected, no qualitative effects appear in the static
properties of vortices upon a transition from one type of
the lattice to another. Only the quantitative parameters
of vortices such as the pinning potential amplitude and
the critical value of anisotropy change insignificantly. It
is important that, for all lattices, we can establish a sim-
ple relation between gyroscopic constant G and the area
v0 of a ferromagnet per spin, G = 2π�S/v0. In fact, this
result can also be expected since the gyroscopic force
(which was calculated for the first time in [15–17])
emerges in the framework of the macroscopic approach
and is expressed only in terms of the saturation magne-
tization of the medium, Ms ∝ S/v0. The question arises:
what happens to the quantum properties of vortices,
whose analysis was mainly based on the simple square
lattice (it is sufficient to recollect that we used the
Harper Hamiltonian)? Let us consider the behavior of
vortices in triangular and hexagonal lattices. In both
cases, we denote by a the distance between the nearest
spins.

Triangular lattice. Let us consider the dynamics of
a vortex in a ferromagnet with a triangular lattice,
which is characterized by unit translation vectors a1 =

aex and a2 = a(ex + ey )/2. The vectors b1 and b2 of

the reciprocal lattice are defined as b2 = 2ey/(a ) and

b1 = (ex  – ey)/(a ). The periodic pinning potential
corresponding to the lattice symmetry must include the
sum of expressions of the type Ugexp(g · r), where vec-
tors g = 2π(n1b1 + n2b2) and n1 and n2 are integers with
equal coefficients Ug of equivalent vectors g. The sim-
plest case includes a set of six vectors ±2πb1, ±2πb2,

3

3

3 3
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and ±2π(b1 + b2), while the pinning potential U(triang)(X,
Y) for the triangular lattice can be written in the form

(22)

In this expression, the sign is chosen so that the potential
maximum, which coincides with the position of an atom,
is located at the origin. The substitution GY  P leads
to the Hamiltonian of the corresponding dynamic prob-
lem. It cannot be literally reduced to the Harper equa-
tion, but the qualitative considerations tested in the pre-
vious section can be used for its analysis. First, we can
easily construct the phase plane of the dynamic prob-
lem (Fig. 4). Here, as well as in the case of a square lat-
tice, we have two systems of singular points of the cen-
ter type. One system corresponds to the maxima of
Hamiltonian (22) with respect to both variables X and P
(these maxima coincide with the positions of the atoms
and are located at the origin and at equivalent points on
the phase plane), while the other system corresponds to
the minima (at the centers of the triangles formed by the
nearest maxima). Saddle points corresponding to the
maximum of the Hamiltonian with respect to one of the
variables (X or P) and the minimum with respect to the
other variable also exist. These saddle points lie
between pairs of the nearest minima and maxima. As in
the case of a square lattice, only a finite motion is pos-
sible; two different types of phase trajectories corre-
spond to motion of the representation point either about
a minimum, or about a maximum of the Hamiltonian.
These regions are separated from one another by sepa-
ratrix trajectories, which are segments of straight lines
terminating at saddle points. The main distinguishing
feature of the problem is that the area of an irreducible
region, whose repetition can represent the entire plane,

is Gv0, where v0 = a2/2 is the area of a unit cell of
the crystal. The value of this quantity is equal to the
value of mechanical action A0 appearing in the Bohr–
Sommerfeld rule of semiclassical quantization. Using
the general formula (7) for gyroscopic constant G, we
arrive at the same result as for a square lattice,
A0 = 2π�S. This quantity determines constant β in the
Harper equation. Consequently, we can expect that the
form of the vortex spectrum for the triangular lattice is
the same as for a square lattice. An additional argument
can also be obtained using the same weak binding
approximation as before. Assuming formally that the
coefficient of the last term in potential (22) contains a
small parameter, we can obtain the same spectrum as in
Fig. 2.

Hexagonal lattice. Let us now consider a useful
example of a honeycomb hexagonal lattice, for which a
nontrivial result is obtained. The hexagonal lattice is a
lattice with the basis, which can be obtained by overlap-

U triang( ) X Y,( ) U0
4πY

a 3
----------⎝ ⎠

⎛ ⎞cos=

+ 2U0cos
2πX

a
----------⎝ ⎠

⎛ ⎞ 2πY

a 3
----------⎝ ⎠

⎛ ⎞ .cos

3

ping of two triangular lattices of the above type in the

same plane so that a  is the distance between the lat-
tice sites displaced relative to one another by vector aey.
The pinning potential can easily be obtained from the
formula for the potential of a triangular lattice, in which

the substitution a  a  has been carried out pre-
liminarily, in accordance with the following rule:

The further analysis is carried out as before; the phase
plane is shown in Fig. 5. It is important for the transi-
tion to the Hamiltonian formalism and especially for
quantization that the hexagonal lattice be characterized
by two spins per unit cell and that the value of the gyro-
scopic constant G be twice as large as for Bravais lat-
tices with the same unit cell area , G = 4π�S/ .
The result of analysis is obvious: we arrive at the value
of mechanical action A0 = 4π�S, which is twice as large
as for Bravais lattices. Accordingly, the value of param-
eter β in the Harper Hamiltonian increases by a factor
of two. It is important that β for a hexagonal lattice is
an integer for all values of spin, integer and half-integer.
This leads to the following conclusion: the number of

3

3

U hex( ) U triang( ) r( ) U triang( ) r aey+( ).+=

v 0 v 0

Fig. 4. Phase plane for dynamic variables P and X of a vor-
tex in a ferromagnet with a triangular lattice. Axes X and P
are directed horizontally and vertically, respectively (not
shown to simplify the figure). The hexagon at the center,
which is bounded by a solid bold line, represents the irre-
ducible region on the phase plane of the problem (unit cell).
Dark circles denote the positions of singular points (centers)
of the C2 type, which correspond to the maxima of the
Hamiltonian (at this points, atoms of the lattice are located).
For better visualization, these points are connected by solid
lines, which represent interatomic bonds for the initial crys-
tal. Light circles denote the positions of C1-type centers,
corresponding to the minima of the initial potential (22).
Dashed lines show some characteristic trajectories; separa-
trices have the form of segments of straight lines, while
closed curves are the trajectories corresponding to a finite
motion about the maxima.
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bands for a hexagonal lattice is 2S. Consequently, the
cases with integer and half-integer spins are similar; the
form of the vortex spectrum for a hexagonal lattice with
a half-integer spin S = (2k + 1)/2 is the same as for fer-
romagnets with a Bravais lattice and with an integer
spin S = 2k + 1 (see Fig. 2a).

In the light of the above regularities, this result can
be generalized for all lattices with two spins in the unit
cell; the number of bands for these lattices is 2S for any
spin. The same situation is obviously realized for a
magnetic structure consisting of two ferromagnetically
coupled magnetic layers located one above the other
and having the form of a Bravais lattice. Generalization
to the case of lattices with more than two spins per unit
cell or a structure consisting of several layers can be
carried out easily. In particular, the situations with even
and odd numbers of atoms (layers) will be different in
the case with a half-integral value of spin. In fact, the
following general statement can be formulated: classi-
fication of quantum states of vortices in uniaxial ferro-
magnets is independent of the lattice symmetry (if it is
quite high) and is determined only by the number of
atoms in a unit cell.

External magnetic field: degradation of the band
structure. An important case of deviation from model
(1) is associated with taking into account of an external
magnetic field. The role of the magnetic field is quite
significant and may lead to qualitatively new effects. It
was noted above that vortices exist only when a weak
(H < Ha) magnetic field is directed along the anisotropy
axis of the magnet and the presence of the field
decreases the gyroscopic constant G  G(H) = G(1 –
H/Ha) (see formula (9)). All the remaining parameters
of the problem (e.g., constant U0 in Eq. (14)) obviously

change as well. However, the role of G is the most
important since this constant directly appears in the
expression for quantity aP0, which determines both the
result of the Bohr–Sommerfeld quantization of the
problem (via the action A = a0P0) and constant β in the
Harper Hamiltonian. Naturally, in the presence of the
field, quantity 1/β = S(1 – H/Ha); i.e., β it is not a ratio-
nal number in the general case. For the irrational
Harper equation with β ≠ m/n, the form of the spectrum
of the system changes radically as compared to that
usually observed for crystalline solids. In accordance
with the Bloch theorem, the spectrum of crystals con-
sists of a series of alternating allowed and forbidden
energy band. In the 1D case, these bands do not overlap
as a rule, which is precisely observed for the rational
Harper Hamiltonian. However, for the irrational Harper
Hamiltonian, it was found that the band structure is
inapplicable and that both allowed and forbidden
energy values form sets (see [21]), such that a forbidden
value can exist in an infinitely small neighborhood of
an allowed energy value, and vice versa. This regularity
was established for the first time in analysis of the
motion of electrons in crystals in the presence of a
strong magnetic field [40]. However, this value in crys-
tals is determined by the number of magnetic flux
quanta per unit cell and huge magnetic fields are
required for a clear manifestation of the effect, which
corresponds to β ≤ 1. However, in the case of large val-
ues of β � 1, it is intuitively clear that it should be
immaterial whether this number is rational or irrational.
For electrons in a lattice, β � 1 corresponds to weak
magnetic fields for which these effects are not very
important, and we can use the conventional band pic-
ture in accordance with the Lifshits–Onsager approxi-
mation (see [41]). It was shown above that an interest-
ing property of the problem on vortex dynamics in a 2D
ferromagnet is the fact that condition β ~ 1, which cor-
responds to the ultra-quantum limit for metals, is real-
ized due to intrinsic gyroscopic properties of the vortex.

5. DYNAMICS OF A VORTEX
UNDER THE ACTION OF AN EXTERNAL FORCE

A common feature of the systems considered in pre-
vious section is the emergence of Hamiltonians with a
periodic dependence on momentum in the vortex
dynamics. As in the case of a Bloch electron, this must
lead to peculiarities in the motion of a particle under the
action of a constant external force. In our opinion, it is
expedient to mention another nontrivial effect, which is
usually associated with quantum mechanics, but must
appear in purely classical motion of a vortex as well.
These are the so-called Bloch oscillations, which were
described for the first time for a Bloch electron under
the action of an electric field. The effect consists in the
response to the constant force (electric field) in the form
of oscillatory motion of the particle.

It should be noted that this phenomenon is not asso-
ciated with purely quantum-mechanical effects and the

Fig. 5. Phase plane for dynamic variables P and X of a vor-
tex in a ferromagnet with a hexagonal lattice. The notation
is the same as in Fig. 4, the only difference being that more
graphic trajectories of finite motion about potential minima
are shown in the figure.
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sufficient condition for its existence is the presence of a
periodic dependence of the Hamiltonian on momen-
tum. A detailed analysis of this problem not only in the
framework of quantum mechanics, but also its classical
analog was given in a recent review by Kosevich [42].
An example of this effect in the purely classical physics
of magnetism is the so-called supercritical motion of a
180°-domain wall in ferromagnets under the action of a
driving magnetic field Hd. Such an oscillatory motion
was repeatedly observed in magnetic films with trans-
verse anisotropy [1].

In a perfect crystal, an electron experiences Bloch
oscillations under the action of a constant electric field
E. Let us consider the manifestation of this effect in the
vortex dynamics under the action of a constant force F.

Analysis of the problem is simple in the case when
the pinning potential is a function of only one variable
(say, coordinate y). For 2D ferromagnets, the assump-
tion of 1D pinning potential is rather artificial, but the
problem of 1D potential might be important for artifi-
cial superstructures, including magnetic ones (see Sec-
tion 6). Let us write the pinning potential in the form

We assume that the external force is directed along
the x axis, The directions of the gradients of the peri-
odic inhomogeneity and force (axes X and Y) are cho-
sen so that the analysis is most simple in the gauge dis-
cussed above.

In this case, the vortex dynamics is described by the
Hamiltonian

(23)

where P0 is defined by the same formula (15). The solu-
tion to the corresponding classical problem can be
found easily: equation

gives P = P(0) = F0t, while the second equation,

,

describes the oscillatory variation of the vortex coordi-
nate X,

(24)

Returning to real vortex coordinates X and Y = P/G, we
find that the vortex moves in a sinusoid along the axis
perpendicular to the field direction. Since the state of

U U Y( ) U0
πY
a

-------⎝ ⎠
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2
= =
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∂X
-------–=
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X X 0( ) A 1 ω0tcos–( ),+=

A
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2F0
---------, ω0

2πF0
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the system does not change upon displacement of coor-
dinate X by δX and a simultaneous change in its energy
E by δE = F0δX, all trajectories are similar and can be
obtained from one another by a shift along the X axis.
Oscillations of this type were considered for an electron
in 1D superstructures in the presence of an external
magnetic field [43].

A transition to the quantum case can be carried out
in the same way as in the original work [44] (also see
[42]). Obviously, the quantum analog of oscillatory
motion (24) corresponds to a wave function localized in
the vicinity of the right turnover point X = X0 of the
classical problem (23), which depends on the total
energy H(0, X0) = E of the system. It was noted, how-
ever, that problem (23) is characterized by a continuous
symmetry relative to the shift of coordinate X and
energy E, X  X + δX, E  E – F0δX (the choice of
the corresponding energy values is arbitrary). Thus, we
find that the quantum spectrum of problem (23) is equi-
distant,

(25)

where n = 0, ±1, ±2 are integers and E0 is an arbitrary
constant. Such an energy spectrum emerges in the
quantum problem of Bloch oscillations for electrons
and is known as the Wannier–Stark ladder (see [42, 44]
for details).

We can arrive at the same result in a different way
also, noting that the Bohr–Sommerfeld quantization in
the given case corresponds to the condition that the area
on the phase plane confined between neighboring quan-
tized trajectories is 2π� (per period in P). Conse-
quently, neighboring trajectories are spaced from one
another by equal distances and their energies differ by
a constant value.

Thus, in the problem with a purely 1D pinning
potential, the description of vortex oscillations is liter-
ally reduced to the well-known problem of Bloch oscil-
lations of an electron in a crystal. The only difference is
that this effect for the electron can take place in a purely
1D system (atomic chain), while in the case of vortices
we must consider at least a 2D medium.

For the problem of motion of a vortex in 2D ferro-
magnets, it is more interesting to consider a 2D pinning
potential. Let us consider the corresponding problem
for a vortex in a square lattice with a potential of form
(6), assuming that the external force is directed along a
symmetry axis (say, the X axis). Then the Hamiltonian
of the system assumes the form

(26)

In this case, the solution to the classical problem
cannot be written in terms of elementary functions, but

En E0 �ω0n,+=

H U0
πP
P0
-------sin

2
U0

πX
a
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qualitative analysis can easily be carried out. By virtue
of the Hamilton equation, we have

it can easily be seen that, for a large force F ≥ F0 =
πU0/a, the value of momentum increases indefinitely,
which is a necessary condition for oscillations. The
shape of trajectories on the phase plane (P, X) is deter-
mined by the equation H(P, X) = E = const. In the case
of interest (F > Fc), the trajectories corresponding to
different values of E describe infinite motion in the
direction of the P axis (see Fig. 6), as well as a finite
variation of the coordinate; this corresponds to Bloch
oscillations. Thus, in the case of a 2D pinning potential
possessing a high symmetry, Bloch oscillations appear
only for F > F0.

The quantum-mechanical analysis of problem (26)
is quite complicated; we can give only some simple
arguments concerning the spectrum of this problem.
Here, in contrast to the simple case of 1D inhomogene-
ity (23), arbitrariness in the choice of corresponding
energy values or the initial values of coordinate and
momentum, which would simplify the analysis of
model (23), does not exist. We can mention only the
discrete symmetry corresponding to the displacement
of the vortex in the X direction by na, which is accom-
panied by a change in its energy by a finite value n∆E =
nFa. For this reason, upon a continuous variation of
energy in the interval E, E + ∆E, the shape of the trajec-
tories changes (see Fig. 6). Thus, the problem has two
energy parameters, ∆E and �ω, where ω is the fre-
quency of classical oscillations of the vortex along the
X direction; generally speaking, these parameters are
incommensurate.

dP
dt
------- F

πU0

a
----------⎝ ⎠

⎛ ⎞ 2πX
a

----------⎝ ⎠
⎛ ⎞ ;sin–=

Heuristic considerations concerning the form of the
spectrum can be obtained on the basis of the Bohr–
Sommerfeld quantization. It should be noted that the
area on the phase plane (per period in P) confined
between two classical trajectories with energies E1 and
E2 from the interval E, E + ∆E depends not only on the
difference E1 – E2 as in the case of 1D potential, but also
on the energy values themselves. On the other hand, the
above-mentioned symmetry associated with the trans-
formation E  E + ∆E must also be reflected in the
spectrum. Let us suppose that the values of “classical”
parameters of the problem appearing in Hamiltonian
(26) are such that the area between two classical trajec-
tories corresponding to E and E + ∆E (per period in P)
is exactly equal to 2π�. In this case, we can expect an
equidistant spectrum with a separation of ∆E between
energy levels. Further we assume that this area is 2π�n
(i.e., is a multiple of 2π�). In this case, the arrangement
of energy levels, which is not equidistant, must exhibit
a periodicity with a period ∆E. A generalization for
rational values of area of the type 2π�(n/m) is obvious;
in this case also, periodicity appears but it is more com-
plicated than in the previous case. However, the above
conditions can obviously be satisfied only for certain
selected values of parameters and the area between two
classical trajectories with energies E and E + ∆E is not
equal to 2π�(n/m) in the general case. In the given case,
which can appropriately be referred to as irrational, we
can expect a quasi-random spectrum instead of the
Wannier–Stark ladder formed by equidistant levels of
the type (25). (An example of such a set follows from
the distribution of the roots of the equation f (x) = 0,
where f (x) is a conditionally periodic function.) A more
detailed analysis of this problem is beyond the scope of
this article.
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6. CONCLUSIONS

In the main part of this article, we considered the
problem of quantum dynamics of a vortex in a 2D fer-
romagnet. Examples of true 2D magnets are well
known and include Langmuir–Blodgett films of the
manganese stearate type (see [45]) and strongly inter-
calated layered magnets, for which is has been estab-
lished that purely 2D vortex dynamics is realized inde-
pendently in each magnetic layer in a wide temperature
range [7]. It is interesting to discuss the applicability of
these results to quasi-two-dimensional artificial sys-
tems on the nanometer scale. In the physics of magne-
tism, such systems include thin magnetic films (sam-
ples with a thickness down to a ten atomic layers are
reliably obtained at present [8]). Examples of other
ordered media containing vortices with gyroscopic
properties (such as thin films of superfluid helium or
superconductors) are also of interest.

Considering mesoscopic systems (films), we
assume that the film thickness is small and inhomoge-
neity in the transverse direction can be ignored. The fol-
lowing effect of transition from a 2D magnetic crystal
to a mesoscopic thin film is obvious from the previous
discussion: for a film consisting of N atomic layers, the
value of gyroscopic constant G (and, hence, character-
istic momentum P0) increases by a factor of N (see for-
mula (7) and the arguments pertaining to the hexagonal
lattice from the previous section). The number of bands
in the energy spectrum E(P) of the vortex also increases
in the same proportion. Formally, this does not contra-
dict the realization of quantum dynamics and the possi-
bility of its observation; however, with increasing N,
the band nature of the spectrum determined by the
atomic pinning potential must obviously be “blurred.”
In other words, the value of action for the vortex is high
in this case (A0 � �) and quantum effects are insignifi-
cant. Thus, we find that the value of the gyroscopic con-
stant is “too large” for realization of a typical quantum-
mechanical band spectrum of mesoscopic ferromagnets
with several clearly distinguishable bands. For this rea-
son, for N � 1, it is expedient to analyze systems with
G � GFM = 2π�S/v0.

It is appropriate to recall in this connection that the
value of G decreases upon an increase in the magnetic
field (see formula (9)). It is also interesting to consider
antiferromagnets (AFMs), in which vortices acquire
gyroscopic properties only in the presence of an exter-
nal magnetic field; the gyroscopic constant in the case
is GAFM = 4HGFM/He, where He is the exchange field of
the AFM [46]. For reasonable values of the field H �
He, the value of GAFM � GFM.

In both cases, the phenomenon described above, i.e.,
the rearrangement of the spectrum upon a change in
rational and irrational values of parameter β upon a
change in the external field, must be manifested fully. It
can be noted in this connection that AFMs are more
convenient systems since the variation of the gyro-
scopic constant of these materials from zero to a certain

small value GAFM � GFM occurs upon field variations
from zero to a certain small value. The static structure
of a vortex in this case virtually remains unchanged. In
the case of ferromagnets, the decrease in the value of G
to a value G � GFM occurs for Ha – H � Ha (i.e., in the
region where the structure of the vortex core changes
abruptly upon a change in the field).

The value of the gyroscopic constant per unit length
of a vortex in superconductors and superfluid liquids is
determined by the expression 2π�ns, where ns is the
superfluid density [9]. The value of ns for superfluid
systems at low temperatures is close to 1/a3 (a is the
atomic spacing). Consequently, the value of G is large
and the situation is analogous to that in ferromagnets:
the number of bands on the order of unity is observed
only for a monatomic layer. For this reason, the situa-
tion for a monatomic film of a superfluid liquid, say, on
a monocrystalline substrate, which can produce a pin-
ning potential, must resemble the above situation for
ferromagnets. Taking into account that the quantization
conditions are independent of the intensity of the pin-
ning potential and that the size of the vortex core
(coherence length) in helium is quite small, singulari-
ties in the spectrum of vortices for helium films on the
crystal surface might be significant. Although we are
not aware of examples of experimental observation of
such a system, the factors ruling out its existence are
not known to us either.

For macroscopic films of thickness L � a, a super-
conductor with a “superconducting electron density” of
ns � 1/a3 appears to be more promising. The value of
this quantity can be determined from the formula ns =
mc2/(4πλ2e2), where m and e are the electron mass and
charge, c is the velocity of light, and λ is the magnetic
field penetration depth [10]. Using this expression and
the values of constants m, c, and e and introducing for
convenience the value a ~ 3 × 10–8 cm, we can write the
expression for estimating the characteristic momentum

 for the superconductor in a more convenient form

where L and D are the film thickness and the inhomo-
geneity period, respectively. Further, we can estimate
the parameter β(SC) = 2π�/P0D in the Harper equation as
β(SC) ~ 10–3(λ2a/LD2). Quantity λ is macroscopic; for
type II superconductors, we have λ � ξ, where ξ is the
coherence length. For high-temperature superconduc-
tors, its value is larger than the atomic spacing a by only
a factor of several units [11]. Consequently, the case of
β ~ 1 we are interested in can be realized for superstruc-
tures with a characteristic size L ~ D ~ ξ.

Among other examples of vortex systems, nonlinear
optical media containing vortices [14] with macro-
scopic-size cores are undoubtedly of interest. An appre-
ciable pinning potential for optical vortices can be
obtained in so-called photonic crystals (i.e., optical
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media with artificially created inhomogeneities). The
technology of preparing photonic crystals is a rapidly
developing branch; both 1D and 2D crystals whose
parameters can vary over fairly wide limits can be
obtained even now. A distinguishing feature of photo-
nic crystals is the band spectrum of linear waves, which
is usually associated with the quantum-mechanical
problem of the motion of an electron in a crystal. How-
ever, the problem is obviously classical in the given
case and quantum regularities appear only as analogs of
the corresponding effects in wave optics.

It is appropriate at this stage to briefly consider
those effects that “survive” for classical vortices. In the
main part of this article, we considered the dynamics of
vortices as quantum elementary excitations of a 2D
magnet. It should be noted that the concept of quantum
elementary solitons is not exotic; it is generally
accepted in the physics of low-dimensional magnets
(see [33, 47]). In this case, the stationary Bloch states
of a vortex obtained in this study have the same physi-
cal meaning as those for an electron in a crystal: in this
state, a quantum vortex is literally “smeared” over the
entire system. The corresponding Schrödinger equation
for the wavefunction of the vortex using the coordinate
or momentum representation, as well as the expansion of
trigonometric functions in the Hamiltonian H = H(P, X)
into a power series of gradients, can be written in the
form of a differential (generalized wave) equation for
the wavefunction of the vortex. However, this equation
has nothing in common with the initial Landau–Lif-
shitz equation. This picture obviously differs from the
situation for an optical vortex, which is a clearly mani-
fested inhomogeneity against the background of a clas-
sical wave (in a photonic crystal, this wave has a peri-
odic energy–momentum relation in an inhomogeneous
medium). These problems are basically different since,
for the classical vortex, both the vortex coordinate as a
function of time and the wave phase are observable at
each point of the system.

Sometimes, other phenomena (e.g., tunneling of
magnetostatic waves through the region of inhomoge-
neity of a crystal [48] or Zeener tunneling of an optical
beam in photonic crystals [49]) are also discussed in the
literature with a reference to the corresponding effect in
quantum mechanics. It is appropriate to recollect that
tunneling of particles at the dawn of quantum mechan-
ics was considered precisely in analogy with the corre-
sponding effect in physical optics. Both in classical
optics and in quantum mechanics, the solutions to wave
equations are considered; a fundamental difference
emerges only in the interpretation of these solutions (to
be more precise, in the problem of measurements). As
long as we are speaking of propagation of periodic lin-
ear or weakly nonlinear waves, the use of quantum-
mechanical language leads only to a slight terminolog-
ical inaccuracy. However, when we consider problems
related to propagation of solitons (in particular, vorti-
ces), the transition from quantum-mechanical to classi-
cal analysis becomes an substantially more serious

problem. In this situation, the states obtained above,
which are stationary from the standpoint of quantum
mechanics, cannot be applied directly. For the interac-
tion of an individual vortex (or other type of soliton)
with a potential barrier, the “tunnel” transition and the
reflection of the vortex are also possible (with the above
stipulations); however, the corresponding process is not
probabilistic, but rather deterministic by nature. In
addition, soliton-like pulses can also exhibit with a high
probability a partial transmission, during which a part
of the pulse passes through the barrier and a part is
reflected from it. Obviously, such a scenario has noth-
ing in common with the quantum-mechanical tunnel
transition. A detailed discussion of “quasi-quantum”
effects of this type for vortices of a classical field is
beyond the scope of this study.

For vortices in superstructures, the nontrivial effects
that are usually associated with quantum mechanics,
but in fact should also be manifested in a purely classi-
cal motion of a vortex may also be of interest. In this
connection, we must mention, above all, the Bloch
oscillations of a vortex under the action of a constant
force F, which were described in Section 5. It was
shown above that the response to the constant force is
an oscillatory motion of the vortex. It is important that
this effect does not disappear in the classical case and is
not connected with tunneling of the vortex. For its real-
ization, only a periodic dependence of the Hamiltonian
on the momentum is required (see discussion in review
[42] for details). For a 1D inhomogeneity, which can
easily be created in a photonic crystal, the oscillations
have literally the same form as in the classical problem,
but the external force must be applied in the direction
perpendicular to the potential gradient. It was noted
above that the case of a 2D symmetric pinning potential
of the form (14) with equal coefficients of the type
sin2(πx/a) and sin2(πy/a) is not optimal for the realiza-
tion of this effect, which appears only when the value
of the force exceeds the critical value. However, non-
trivial dynamics also takes place here in the classical
case.
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