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Chapter 1
Introduction and overview of
the thesis

The superconducting transition can be described, in the framework of Ginzburg-
Landau (GL) theory, in terms of the complex superconducting order parameter
Ψ(r). The mean value , 〈Ψ(r)〉, is zero in the normal state and is different from
zero in the superconducting state, below the transition temperature Tc, where
|Ψ(r)|2 is related to the density of Cooper pairs. On approaching Tc from
above the superconducting order parameter undergoes superconducting fluc-
tuations(SF): the mean square value of the amplitude

√
〈|Ψ(r)|2〉 is different

from zero, causing local concentration of fluctuating, i.e. metastable, Cooper
pairs. The fluctuating pairs above Tc are accompanied by the appearance of a
diamagnetic contribution−Mfl(H, T ) to the magnetization. This phenomenon
is usually called fluctuating diamagnetism (FD).
The fluctuating diamagnetism was studied since the early 70’s. Tinkam and

coworkers carried out [1] susceptibility measurements at constant fields in dif-
ferent BCS superconductors (In, Pb, Nb, and In-Tl and Pb-Tl alloys). The
experimental data at low fields were found in agreement with the predictions
of the standard GL theory, namely with −Mfl(H, T =const) going linearly
with H for T ≫ Tc and −Mfl(H, T =const) ∝ H1/2 for T = Tc. However
on increasing the magnetic field above a characteristic value, Hup, |Mfl| was
found to decrease on increasing field. To describe the fluctuating diamagnetism
for non-evanescent field, where short wave-length fluctuations and non locality
effects becomes important, it is necessary to take to account the microscopic
Gor’kov theory [2].
The presence of un upturn field Hup in the isothermal magnetization curves

was experimentally studied in detail in a more recent work on lead nanoparti-
cles [3] with diameter d shorter than the coherence length. In these particles
the SF are enhanced and one can express Mfl analytically assuming the zero
dimensional condition in the framework of GL functional fluctuation theories.
The investigation of zero-dimensional systems allowed us to describe quantita-
tively the field dependence of Mfl at constant T , and the inverse proportion-
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2 1. Introduction and overview of the thesis

ality of Hup with the size of the particle [3].

The study of fluctuating diamagnetism has turn on new interest in recent
years with the discovery of high-temperature superconductors (HTSC). In
these systems the small coherence length, the high transition temperature,
the reduced carrier density and the marked anisotropy cause strong enhance-
ment of SF and extend the range of temperatures in which SF can be detected.
On the other hand, the reduced coherence length increases the value Hup above
which the SF are suppressed by the field, thus, at least for optimally doped
compounds at the maximum in Tc, extending the validity of the GL theory to
higher magnetic fields.

Experiments on YBa2Cu3O7 (YBCO) optimally doped [4, 5, 6, 7] showed
that the fluctuating contribution to the magnetization can be ascribed to con-
ventional fluctuations in the framework of the GL theory using the Lawrence-
Doniach Hamiltonian[8], which is the generalization of GL functional for lay-
ered superconductors. No upturn in the magnetization curves was detected
up to 7 T. Furthermore, the laws derived from scaling arguments for 3-D
anisotropic systems were found to be well obeyed.

On the contrary in underdoped YBCO [9] a strong enhancement of the re-
duced magnetizationm =Mfl(Tc)/H

1/2Tc, irreversibility effects, and upturn in
Mfl(H) around Hup ≈ 200 Oe were observed. Similar behaviors were also de-
tected in underdoped La1.9Sr0.1CuO4[10]. In order to explain the experimental
findings the observed enhanced FD was ascribed to vortices created by the ex-
ternal field where phase fluctuations of the order parameter are present, under
the assumption of charge inhomogeneities inducing local stable superconduct-
ing regions with T loc

c higher than the bulk transition temperature Tc[9, 11, 12].
This description is also in agreement with the dependence of Hup on temper-
ature.

The research work carried out in the cuprates had left open questions, such
as the role of the oxygen chains modified in controlling the doping amount and
also the interplay between diffuse superconducting transition with local T loc

c

and phase fluctuations among the non-percolating superconducting regions. It
should be observed that a crucial issue is the temperature dependence of Hup.
For diffuse transition, with little role, if any, of SF the upturn field in practice
coincide with Hc1 and thus decrease on increasing temperature. At variance,
for phase fluctuations of the order parameter and lack of long-range coherence,
Hup increases on increasing temperature [13].

In recent times a new family of HTSC has been synthetized by M. Scavini and
C. Oliva and coworkers [14, 15], the Sm-based SmBa2Cu3−xAlxO6+δ . Besides
the novelty of the SC family, these compounds have the great advantage to
allow the control of the holes by means of Al for the in-chains Cu substitutions,
without any role of the oxygen. Thus the study of the underdoped regime in
regards of the SF can be carried out in ideal condition and the interplay of the
phenomena of diffuse transition and phase fluctuations of the order parameter
can be better investigated.
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The present thesis deals with the study of fluctuating diamagnetism in the
Sm-based HTSC.
Both the pure system SmBa2Cu3O6+δ (δ ≃ 1) and the Al-doped one

SmBa2Cu2.85Al0.15O6+δ (δ ≃ 1) are considered. In the Al-doped compound,
Al substitutes Cu just along the Cu chains (without substituting Cu in the
plain). Moreover it was observed [14, 16] that crystals of SmBa2Cu3−xAlxO6+δ

annealed in reducing atmospheres at high temperatures and then reoxidized
at low temperatures, exhibits an increased Cu-O chain fragments length. This
offers also the opportunity of studying the fluctuating diamagnetism in samples
with different average length of Cu-O chain fragments but having the same
aluminium and oxygen concentration. From magnetization curves we have
shown that fluctuating diamagnetism in SmBa2Cu3O7 can be described on the
basis of an anisotropic Ginzburg-Landau functional similarly to what observed
in YBCO optimally doped. On the contrary, fluctuating diamagnetism in
SmBa2Cu2.85Al0.15O6+δ has to be ascribed to the formation of vortex-antivortex
pairs and the related phase fluctuations of the order parameter in a system
where the regions at non-zero order parameter lack of long range coherence.
The thesis is organized as follows. Chapt.2 deals with the description of the

diamagnetism due to superconducting fluctuations, in the framework of fluc-
tuation theories based on Ginzburg-Landau functional. Both the contribution
to the magnetization due to fluctuations of the order parameter and the one
related to fluctuation of the phase of the order parameter are described for a
layered superconductor.
In Chapter 3 the structural characterization of SmBa2Cu3O6+δ and of the

two samples of SmBa2Cu2.85Al0.15O6+δ with different thermal treatment is il-
lustrated. The effects of thermal treatment on clustering of Al-defects and on
Cu-O chain fragments length is briefly discussed.
Chapter 4 is devoted to the presentation of experimental results. Isother-

mal and isofield magnetization curves, collected by means of a high resolu-
tion superconducting quantum interference device, for SmBa2Cu3O6+δ and the
two samples of SmBa2Cu2.85Al0.15O6+δ with different thermal treatment are
reported. The experimental measurements were performed under both zero-
field-cooling and field-cooling condition to reveal irreversibility effects.
In Chapter 5 experimental data are discussed in the framework of GL theory

and of the theory dealing with phase fluctuations of the order parameter.
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Chapter 2
Diamagnetic response due to
thermal fluctuations in
superconductors

In this Chapter, after a brief presentation of the main properties derived from
Ginzburg-Landau (GL) theory of superconductivity (§1), main theoretical re-
sults on fluctuating diamagnetism in framework of fluctuation theory based on
Ginzburg-Landau functional (GL) are showed (the results will be compared
with experimental data in Chapter 5. In particular, in (§2) the contribution
of fluctuations of the order parameter modulus, causing local concentration
of fluctuating Cooper pairs, to the diamagnetic response in a superconductor
above the transition temperature is presented. In (§2) the contribution to the
diamagnetism related to the presence of vortices due to fluctuations of the
phase of the order parameter in superconducting islands below the transition
temperature is pesented.

2.1 Generalities of the Ginzburg-Landau theory

2.1.1 GL Functional

The Ginzburg-Landau theory describes the superconducting transition by in-
troducing a complex order parameter

Ψ(r) = |Ψ(r)|eiθ(r), (2.1)

5



6 2. Diamagnetic response due to thermal fluctuations in superconductors

and a free energy functional, that in presence of an external magnetic field
takes the form:

F [Ψ(r),A(r)] = FN +

∫
dV

{
a |Ψ(r)|2 + b

2
|Ψ(r)|4 + 1

4m

∣∣∣∣
(
−i~∇− 2e

c
A(r)

)
Ψ(r)

∣∣∣∣
2

+
[∇×A(r)]2

8π
− ∇×A(r) ·H

4π

}
.

(2.2)

with:
a = α(T − Tc) = αTcǫ, (2.3)

and
b ≥ 0, (2.4)

where Tc is the transition temperature and ǫ = T−Tc

Tc
is the reduced temper-

ature. The values of Ψ(r) and A(r) that characterize a superconductor in
equilibrium in an external field H at a temperature T are the ones that min-
imize the functional in Eq. 2.2. In particular it can be proved that Ψ(r) and
A(r) obey to the two GL equations:

aΨ(r) + bΨ(r)|Ψ(r)|2 + 1

4m

(
−i~∇− 2e

c
A(r)

)2

Ψ(r) = 0 (2.5)

and

Js =
c

4π
∇×∇×A = −−ie~

2m
(Ψ∇Ψ∗ −Ψ∗∇Ψ)− 2e2

mc
|Ψ|2A, (2.6)

where Js in Eq.2.6 is the supercurrent density. In the homogeneous case the
order parameter takes the value

|Ψ̃|2 =
{
−αTcǫ/b , when ǫ < 0,

0 , when ǫ > 0.

and Eq.2.6 is reduced to

Js = −
2e2

mc
|Ψ̃|2A. (2.7)

Comparing this equation to the one derived in the microscopic theory of su-
perconductivity

Js = −ns
2e2

2mc
A, (2.8)

the amplitude of the order parameter |Ψ(r)| can be related to the local density
of Cooper pairs ns. Finally, if the normalized value of the order parameter,
ψ = |Ψ(r)|

|Ψ̃|
is introduced, GL equations take a simpler form

ξ2(T )

(
−i∇− 2π

Φ0

)2

ψ − ψ + ψ|ψ|2 = 0 (2.9)
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∇×∇×A = − Φ0

4πλ2
(ψ∇ψ∗ − ψ∗∇ψ)− |ψ|

2

λ2
A, (2.10)

where λ is the penetration length

λ =

(
mc2b

4πe2α(Tc − T )

)1/2

, (2.11)

ξ is the coherence length

ξ(T ) =

(
~

2

4ma(T )

)1/2

= ξ0ǫ
−1/2 ξ0 =

(
~

2

4mαTc

)1/2

(2.12)

and Φ0 =
hc
2e
is the quantum flux. The physical quantities ξ and λ are char-

acteristic lengths in which the order parameter |Ψ(r)| and the magnetic field
varies [17]. These quantities defines also the limits of validity of GL theory; in
fact both ξ(T ) and λ(T ) have to be larger than the Cooper pair size

ξP =
~vF

π∆(0)
(2.13)

derived in the microscopic theory, where ∆(0) is the value of superconducting
gap at zero temperature and vF is the Fermi velocity [17]. In this way all
quantities change spatially in a sufficient smooth way as assumed in the GL
theory.

2.1.2 Thermal Fluctuations

The physical properties presented till this point are derived under the hypothe-
sis that the system is always in the equilibrium state characterized by the value
Ψ̃ that minimize the free energy functional F [Ψ̃]. But, from thermodynamical
theory we know that for a system in thermal contact with a reservoir, the state
that minimizes the free energy is only the one with the greater probability to
be obtained, and the system has a non-zero probability to be in a state differ-
ent from that[18]. So, in our case, for a superconductor placed in a external

field H and at a temperature T , Ψ̃ is not the only possible value of the order
parameter, but |Ψ(r)| has to be considered a statistical variable subjected to
fluctuations that take the name of superconducting fluctuations (SF), around

the mean value Ψ̃.
Formally the partition function Z is obtained carrying out the functional

integration over all possible value of the order parameter, everyone weighted

with the thermodynamic probability e
−

F[Ψ(r),A(r)]
kBT :

Z =

∫
D2Ψ(r) exp

(
−F [Ψ(r),A(r)]

kBT

)
. (2.14)

From Eq.2.14, the fluctuation part of the free energy is obtained by the relation

F (ǫ > 0) = −kBT lnZ, (2.15)
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and from the free energy the other thermodynamical quantities can be derived
by standard thermodynamical relations.

Let us illustrate this method for the zero-dimensional condition, i.e for a su-
perconducting sample of size d≪ ξ(T ), in absence of the field and omitting the
term in |Ψ(r)|4, the last approximation corresponding to the so-called “gaus-
sian approximation”. In this case the order parameter is considered position
independent and takes the form

Ψ0 = Ψ
√
V . (2.16)

So the functional in Eq.2.2 results

F0[Ψ0] = a|Ψ0|2. (2.17)

The functional integral in Eq.2.14 can be resolved exactly and results

Z(0) =

∫
d2Ψ0 exp

(
−F0[Ψ0]

kBT

)
= π

∫
d|Ψ0|2 exp−

a|Ψ0|2
kBT

= π
kBT

a
= π

kBT

αǫTc

= π
kB

αǫ

(2.18)

giving for the fluctuation part of the free energy

F(0) = −kBT ln π
kB

αǫ
.. (2.19)

2.2 Diamagnetism induced by fluctuations of the

order parameter modulus

The physical origin of a negative diamagnetic contribution Mfl(H, T ) in the
magnetic response of a superconductor approaching Tc from above is the pres-
ence of metastable fluctuating Cooper pairs also for T ≥ Tc. In fact, we have
seen that the order parameter Ψ(r) is a statistical variable subjected to fluc-
tuations; this means that approaching Tc from above the mean square value
of the order parameter

√
〈|Ψ(r)|2〉 is different from zero and this is related to

local concentration of fluctuating Cooper pairs.

Formally, to derive Mfl(H, T ) we will utilize the relation:

Mfl = −
1

V

∂F

∂H
(2.20)

where F is the fluctuation part of the free energy derived from the G-L func-
tional F [Ψ(r),A(r)] using the method described in the previous paragraph.
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M
fl(0)

∝ H -1

χ

M
fl(0)

HH
UP

Figure 2.1: Sketchy behaviour of the fluctuating magnetization Mfl(0) in function of
the field, for T > Tc, for zero-dimensional condition and in gaussian approximation.

2.2.1 Zero-dimensional diamagnetic susceptibility

Let us consider a superconducting grain of diameter d ≪ ξ(T ) for which we
assume the zero-dimensional condition and the gaussian approximation. Intro-
ducing the homogeneous order parameter Ψ0 (see Eq.2.16), the G-L functional
takes the form

F0[Ψ(r),A(r)] = a|Ψ0|2 +
e2

mc2
〈A2〉|Ψ0|2. (2.21)

where 〈· · · 〉 means averaging over the sample volume. The last two terms in
Eq.2.2 have been omitted because, being d ≪ λ , the equivalence between
the external magnetic field H and the average magnetic field in metal B =
1
V

∫
dV∇×A(r) it is assumed [19]. We can see that this functional have the

same form of the one obtained in absence of field, see Eq.2.17, but with the
renormalized parameter:

a′(H) = a +
e2

mc2
〈A2〉 = αTcǫ(H) (2.22)

where the reduced temperature is field-dependent and takes the form

ǫ(H) = ǫ+
4π2ǫ20
Φ2

0

. (2.23)
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So we can use the results obtained in absence of the field, and write, from
Eq.2.19,

F(0)(ǫ,H) = −kBT ln π
kB

α(ǫ+ 4π2ξ0
Φ2

0
〈A2〉)

(2.24)

for the fluctuation part of the free-energy. Finally, from this equation, consid-
ering that for a spherical particle 〈A2〉 = 1

10
H2d2 and using Eq.2.20, it can be

found:

Mfl(0)(ǫ,H) = −
1

V

∂F0(ǫ,H)

∂H
= −24πkBTξ

2
0

5Φ2
0d

H

(ǫ+
2π2ξ2

0

5Φ2
0
H2d2)

. (2.25)

It can be seen that the fluctuating magnetization is negative and linear in the
field for weak field; then increasing the field, an upturn in the field dependence
occurs for the value Hup(ǫ) ∼ Φ0

dξ(ǫ)
and |Mfl(0)| decreases, while for higher fields

Mfl(0)(ǫ,H) ∝ − 1
H
. In the weak field region the diamagnetic susceptibility is:

χfl(0)(ǫ,H) =
∂Mfl(0)(ǫ,H)

∂H
= −24πkBTξ

2
0

5Φ2
0d

1

ǫ
. (2.26)

In Fig.2.1 the behavior of the fluctuating magnetization, according to Eq.2.25,
is sketched.

2.2.2 Layered Superconductors in magnetic field

Let us consider the calculation of the fluctuation magnetization in a layered
superconductor. This is of primary interest for us because the theoretical
results presented below will be compared to experimental magnetization curves
in SmBa2Cu3O7 in chapter five of this thesis.
The generalization of GL functional for a layered superconductor is the

Lawrence-Doniach (LD) functional [8]:

FLD[Ψ] =
∑

l

∫
d2r

{
a |Ψl|2 +

b

2
|Ψl|4 +

1

4m

∣∣∣∣
(
−i~∇‖ −

2e

c
A‖

)
Ψl

∣∣∣∣
2

+ J |Ψl+1 −Ψl|2
}
.

(2.27)

In this equation the gauge with Az = 0 is chosen, Ψl(r) is the order parameter
in the l-th layer and J is proportional to the Josephson coupling between
adiacent layers. If the variation along z is so smooth that

|Ψl+1−Ψl|

s
, where s is

the interlayer distance, can be replaced by ∂Ψ
∂z
, the LD functional is reduced to

an anisotropic GL functional, where

M =
~

2

4J s2
(2.28)
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is the effective mass along c-direction, and, from the relation Eq.2.12 a coher-
ence length along the z-direction

ξ0⊥ =
J s2

2αTc
. (2.29)

can be defined.
Expanding the order parameter in terms of Landau state eigenfunction φn(r):

Ψl(r) =
∑

n,kz

Ψn,kz
φn(r) exp(ikzl), (2.30)

where n is the quantum number related to the degenerate Landau state and
kz is the momentum component along the direction of the magnetic field, the
LD-functional can be expressed in terms of the Ψn,kz

coefficients

FLD[Ψn,kz
] =

∑

n,kz

{αTcǫ+ ~ωc(n+ 1/2) + J (1− cos(kzs))}|Ψn,kz
|2. (2.31)

In this way the functional integral for the partition function (2.14) can be
factored out to a product of Gaussian type integrals over this coefficient:

Z =
∏

n,kz

∫
d2Ψn,kz

exp
{αTcǫ+ ~ωc(n+ 1/2) + J (1− cos(kzs))}|Ψn,kz

|2
kBT

.

(2.32)
Carrying out these integral, one gets for the fluctuation contribution to the
free energy:

FLD(ǫ,H) = −
HS

Φ0

kBT
∑

n,kz

ln
πkBT

αTcǫ+ ~ωc(n+
1
2
) + J (1− cos(kzs)

. (2.33)

where the factor HS
Φ0

takes account of the degeneracy of each Landau level.
Averaging over the Cooper pair motion ortogonal to layers Eq.2.33 takes the
form:

FLD(ǫ, h) = −
hkBTS

2πξ2
‖

∫ π
s

−π
s

N sdkz

2π

nc−1∑

n=0

ln
πkB/α

ǫ+ 2h(n+ 1
2
) + r

2
[1− cos(kzs)]

(2.34)
where we have introduced the anisotropy factor

r =
2J
αTc

=
4ξ2

0⊥

s2
(2.35)

and the reduced field

h =
~ωc

2αTc
=

~eH

2mαTc
=

H

Hc2(0)
(2.36)
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where

Hc2(0) = Φ0/2πξ
2
0‖ (2.37)

is the lower critical field at zero temperature. The expression 2.34, using the
Euler gamma function [20], can be reduced to

FLD(ǫ, h) = −
kBTV

2πsξ2
‖

{
h

∫ 2π

0

dθ

2π
ln
Γ[1/2 +

ǫ+ r
2
(1−cos(kzs)

2h
]√

2π
+
ǫ

2
lnh + const

}
.

(2.38)
Finally, from this equation, using the relation (2.20) a general expression for
magnetization can be derived

Mfl(LD)(ǫ, h; r) = −
kBT

Φ0s

∫ π/2

0

dφ

π/2

{
ǫ+ r sin2 φ

2h

[
ψ

(
ǫ+ r sin2 φ

2h
+
1

2

)
− 1

]

− ln Γ

(
ǫ+ r sin2 φ

2h
+
1

2

)
+
1

2
ln(2π)

} ,

(2.39)

where φ(z) is the logarithmic derivative of the Euler gamma function. Let us
discuss now the different crossovers described by equation 2.39.

Near the transition, ǫ ≤ r, handling with Hurvitz zeta function the expression
(2.39) takes the form [20, 21, 22]:

Mfl(3)(ǫ≪ r, h) = 3
kBT

Φ0s

(
2

r

)1/2√
h

×
[
ζ

(
−1
2
,
1

2
+

ǫ

2h

)
− ζ

(
1

2
,
1

2
+

ǫ

2h

)
ǫ

6h

]
.

. (2.40)

From this equation it can be seen that, fixed the reduced temperature ǫ, for
weak fields the magnetization grows linearly with magnetic field

Mfl(3)(ǫ≪ r, h→ 0) = −e
2kBTH

~23πc2
ξ‖(ǫ) (2.41)

but for fields of the order ofHc2(ǫ) Mfl ∝
√
H and the magnetization enter in

3D non linear regime. If the magnetic field is increased further there is another
crossover to 2D nonlinear regime.

On the other hand, for high temperatures,(ǫ > r), expression 2.39 is reduced
to the 2D result:

Mfl(2)(ǫ,H) = −
1

Hc2(0)S

∂

∂h
[δF(2)(ǫ, h)]

=
kBT

Φ0

{
h ln

Γ(1/2 + ǫ/2h)√
2π

− ǫ

2h
[ψ(1/2 + ǫ/2h)− 1]

} (2.42)
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which implies a linear dependence for weak fields

Mfl(2)(h≪ ǫ) = −1
d

e2kBT

3πc2~2

ξ2
0‖

ǫ
, (2.43)

and the saturation of magnetization for high fields

Mfl(2)(h≫ ǫ)→M∞ = −0.346
(
−kBT

Φ0

)
. (2.44)

Finally at Tc the result obtained by Prange [23] is reproduced, with an anysotropy

correction multiplier
ξ0‖
ξ0⊥

Mfl(3)(0, h) = −
0.32kBT

Φ
3/2
0

ξ0‖
ξ0⊥

√
H. (2.45)

The different regimes for fluctuating magnetization are sketched in Fig.2.2

2.2.3 Scaling arguments

To take in account the |Ψ(r)|4 omitted in LD-functional (2.27), we can rely on
scaling arguments [24]. In this approach it is assumed that the singular part
of free energy depends only on the number of flux quanta per coherence area,
so that the free energy per unit volume, in the isotropic case, takes the form:

F = −kBTξ
−Dϕ(x) (2.46)

and

x ≡ Hξ2

Φ0
, (2.47)

where ξ(T ) = ξ0|ǫ|ν (ν is a critical exponent), D the dimension of the system
and ϕ an unknown dimensionless function. The fluctuating magnetization
results:

Mfl = −
dF

dH
=
kBT

Φ
D/2
0

H(D/2)−1mD(x) (2.48)

where

mD(x) ≡ x1−(D/2) dϕ(x)

dx
. (2.49)

These imply for the magnetization at Tc

Mfl(Tc) =
kBT

Φ
D/2
0

H(D/2)−1mD(∞). (2.50)

For 3D system these equation takes the form:

Mfl(Tc)

H1/2
=
kBTc

Φ
3/2
0

m3(∞), (2.51)
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H
c2

(T)

 2D
linear

     2D
nonlinear

 3D
linear

     3D
nonlinear

T

H

T
c

Figure 2.2: Sketch of the different regimes for fluctuating magnetization in the
(H,T ) diagram.

and Tc is a crossing point for the scaled magnetization m =Mfl/H
1/2Tc.

For 3D anisotropic system, for an applied fieldH⊥ perpendicular to the layer,
the number of flux quanta per coherence area is

x ≡
H⊥ξ

2
‖

Φ0

(2.52)

so that the free energy per unit volume can be expressed as

F = −kBTξ
−2
‖ ξ−1

⊥ ϕ(x) (2.53)

and the magnetization normal to the planes at Tc results:

Mfl⊥(Tc)

H
1/2
⊥

= γ
kBTc

Φ
3/2
0

m3(∞) (2.54)

where γ is the anysotropy correction multiplier

γ =
ξ0‖
ξ0⊥

, (2.55)
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and Eq.2.54 is in agreement with GL results (2.45).
Finally, we consider 2D system. In this case, the field dependence in Eq.2.50

cancels out and Mfl is field independent:

Mfl(Tc)

H
1/2
⊥

= γ
kBT

Φ0s
m2(∞); (2.56)

in agreement with what predicted in GL theory, see Eq.2.44.

2.3 Diamagnetism induced by phase fluctuations

of the order parameter

In the previous section we have considered a superconducting system above
the transition temperature, i.e. with a zero average order parameter ampli-
tude 〈|Ψ(r)|〉. In this case the diamagnetism is related to the existence of
metastable superconducting zones with fluctuations of the order parameter
modulus, 〈|Ψ(r)|2〉 6= 0.
Let us now consider superconducting islands below the transition tempera-

ture and the diamagnetism related to vortices due to the external field and to
fluctuations of the phase of order parameter. In this case the order parameter
amplitude |Ψ(r)| is frozen to a non zero average value but the phase θ of the
order parameter can fluctuate [11].
Fluctuations of θ gives ∮

∇θdt = 2πn, (2.57)

being θ a periodic variable. Taking in account the relation between the phase
θ and the current

js =
2enh~

2m
∇θ, (2.58)

it can be seen that fluctuations of θ produce produce current vortices. In the
2-D case the vortex system can be studied using a two dimensional Coulomb
gas model: at each vortex is associated an effective charge

qv =
√
2πJ‖ (2.59)

where the sign of qv is positive for a vortex and negative for an antivortex, i.e a
vortex of negative helicity. The interaction energy of a vortex-antivortex pair
at a distance r is

E0 = q2
v ln(r/ξ‖). (2.60)

where ξ‖ is the coherence length in the plane. At T=0 and in zero field there will
be no vortices, with temperature increase tightly bounded pairs of antiparallel
vortices will be generated, with a density given by:

nth = no exp

(
− E0

kBT

)
. (2.61)
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The quantity 2πJ‖ is linear with temperature, but for

πJ‖ = kBTKT (2.62)

the vortex-antivortex pairs start to unbind and a Berezinski-Kosterlitzt-Thouless
(BKT) transition occours, as a consequence 2πJ‖ is zero and thermally excited
free vortices are created.
We are interested in 3D cases in presence of a finite magnetic field: this led

us to consider 3D thermal excited vortex loops (corresponding to 2D vortex-
antivortex pairs) and field induced vortex lines, so that total density of vortices
is

nv = nth + nF = no exp

(
− E0

kBT (1 + δ
(

H
H∗

)2
)

)
+
H

Φ0
, (2.63)

where nF is the term due to the external field, and the effective vortex charge
qv, from which depends the interaction energy, is renormalized, as will be
shown below in the calculation of the susceptibility χ. Moreover, we are in-
terested in layered systems, described by discrete value of the variable z, and
so vortex lines (and vertical element of vortex loops) are formed by stacks of
pancake vortices correlated along c-axis for a length n′s, where s is the in-
terlayer distance. Finally in quasi 2-D superconductor 2πJ‖ does not have a
discontinuity for T = TBKT as takes a small but finite value above TBKT [25].
We will study the system both in the glassy phase, where the system is ordered
and irreversibility effect occurs, and in the liquid phase, where the system is
disordered and vortices are random distributed. The vortex lattice melting
temperature, or irreversibility temperature Tirr, coincides with TBKT .
In order to calculate the susceptibility, we start from the order-parameter

phase contribution to the L-D functional 2.27 [9, 11, 12]

FLD[θ,A] =
1

s

∑

l

∫
d2r

{
J‖

(
∇‖θ −

2ie

c~
A‖

)2

+ J⊥[1− cos(θl+1 − θl)]

}
,

(2.64)
where J‖ = π~

2|Ψ|2/4me and J⊥ = 2πJ |Ψ|2 are the order parameter phase
coupling constants, and we consider the partition function :

Z =

∫
dθ exp

(FLD[θ,A]

kBT

)
, (2.65)

where a functional integration over all possible configuration of the order-
parameter phase θ(r) for a frozen amplitude of the order parameter |Ψ| = nh

is carried out. Then we derived the orbital magnetic response

K(q) =
δ2F

δA2
(2.66)

as the second derivative of the free energy F with respect to the potential vector
A in the Fourier space. Taking in account the relation H(q) = iq×A(q) the
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homogeneous susceptibility is then given by

χ(H) =
∂2F

∂H2
= lim

q→0

K(q)

q2
. (2.67)

K(q) is obtained as the sum of three contributions:

K(q) =

〈
δ2FLD

δA2

〉
− 1

kBT

〈(
δFLD

δA

)2
〉
+

1

kBT

(〈
δFLD

δA

〉)2

(2.68)

where 〈. . .〉 is the thermal average. The orbital magnetic response can be
expressed as

K(q) =
J‖
s

(
2π

Φ0

)2 [ J‖
kBT

[P (q)−Q(q)]− 1

]
(2.69)

where P (q) derives from the term
〈(

δFLD

δA

)2〉
in Eq. 2.68, Q(q) from the term

(〈
δFLD

δA

〉)2
and

J‖

s

(
2π
Φ0

)2

is the diamagnetic response due to the first term in

Eq.2.68.
P (q) is related to the current-current correlation function 〈jx(r)jx(r′)〉, as

quoted in ref. [12], and takes the form

P (q) =
1

NL2

∑

l,l
′

∫
d2ρ

∫
d2ρ′ exp[iq(r − r′)]

〈 (
∇xθl(ρ)−

2π

Φ0

A‖,x(r)

)(
∇xθ

′

l(ρ
′)− 2π

Φ0

A‖,x(r
′)

)〉 (2.70)

with

jx(r) = ∇xθn(ρ)−
2π

Φ0

A‖,x(r) (2.71)

where the coordinate r means (ρ, ns) and L is the island size in the plane
normal to axis c. The x component of the phase gradient is related to the
position R(m1, l1) of each pancake m1 on the layer l1 by the equation

∇xθn(ρ) = s
∑

s1,l1

y − Ry(m1, l1)

|[ρ−R(m1, l1)]2 + d2(l − l1)2|
3
2

t(m1, l1), (2.72)

where t(m1, l1) is 1 for a vortex and −1 for an antivortex.
P (q) can be expressed as the sum of four contributions:

P (q) = Pθθ(q) + PAA(q) + PAθ(q) + PθA(q). (2.73)

The first term, involving the positional correlation function of vortex line ele-
ments, was calculated by Sewer and Beck [12], and takes the form:

Pθθ(q) =
4π2

q2
nvSC(q)[1 + 2X(q)] (2.74)
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where

SC(q) =
q2

q2 + 2πnvq2
v/kBT

(2.75)

is the Coulomb-2D gas structure factor, and the factor

X(q) ≈ 1− exp(−kBTn
′sq2/4λ)

exp(−kBTsq2/4λ)− 1
(2.76)

takes in account of harmonic deviations of the vortex line along the z-direction;

in the calculation an effective stiffness given by λ ≈ J⊥

s
≈ J‖

sγ2 is assumed.

The term PAA(q) is due to the external field and one has

PAA(q) =
π2

36

(
HL2

Φ0

)
L2q2. (2.77)

The last two terms in Eq. 2.73 involve the correlation between vortices and
are equal to zero in the liquid phase above the irreversibility temperature TIrr.
This term is different from zero in the glassy phase below the irreversibility
temperature, and is calculated in Ref. [9] assuming that the vortices are uni-
formely distributed in the planes, yielding

PθA = −2π
2

3

(
HL2

Φ0

)2

+
2L2

45
π2

(
HL2

Φ0

)
q2. (2.78)

The term Q((q)) is also related with the correlation between vortices and so is
equal to zero for T > TIRR, for T < TIRR it was calculated in Ref. [9] yielding:

Q = (2π)2
(
HL2

Φ0

)2 [
1

q2L2
+

1

144× 4
q2L2 +

1

12

]
. (2.79)

Then from Eqs. 2.68, 2.73, 2.74, 2.77, 2.78, 2.79 one obtains:

K(q) =
J‖
s

(
2π

Φ0

)2[2πJ‖
q2
v

(1 + 2n′)− δ

(
H

H∗

)2

− 1

]

+

{
−kBT

sΦ2
0

1

1 + 2n′

[
1 + δ

(
H
H∗

)2]2

nv
− s2γ2(1 + n′)

1 + 2n′
·
[
1 + δ

(
H

H∗

)2
]

+
47L2

540

J‖
s

(
2π

φ0

)2(
H

H∗

2)}
q2,

(2.80)

where H∗ = Φ0/L
2. Considering that the first term in Eq. 2.80 must go to

zero, to avoid divergences in the susceptibility defined in Eq. 2.67, one have a
renormalization of qv related to to H and n′:

q2
v =

2πJ‖(1 + 2n′)

1 + δ
(

H
H∗

)2
2

, (2.81)
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and the susceptibility takes the form:

χ(H) = −kBT

sΦ2
0

1

1 + 2n′

[
1 + δ

(
H
H∗

)2]2

nv

− s2γ2(1 + n′)

1 + 2n′
·
[
1 + δ

(
H

H∗

)2
]
+
47L2

540

J‖
s

(
2π

φ0

)2(
H

H∗

)2

,

(2.82)

where

δ =

{
π2J‖

3kBT
, when T > Tirr,

π2J‖

kBT
, when T<Tirr.

For H ≪ H∗ the second and the third term in Eq. 2.80 can be negletected and
there is only a negative contribution to susceptibility. Increasing the field this
therm grows and χ can change the sign causing an upturn in magnetization
curves. In 2D systems for T > Tirr no upturn in the magnetization curves
is expected, because in this systems J‖/kBT is zero above the irreversibility
temperature and so δ = 0 in Eq. 2.82 and χ < 0 for any field H. For 3D system
(and for 2D system in the glassy phase) it can be proved that the equation
χ = O has real solution (and so un upturn in magnetization curves is expected)
only if the dimension of the island L is greater than a critical dimension Lc,
depending on the temperature and from the other system parameters that
appear in Eq. 2.82.
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Chapter 3
Characterization data for
SmBa2Cu2.85Al0.15O6+δ

In this Chapter the crystal structure of two samples of SmBa2Cu2.85Al0.15O6+δ

with the same oxygen content δ, derived from SmBa2Cu3O7 but different ther-
mally treated is described. The structural data result most from X-ray diffrac-
tion and Eletron Paramagnetic resonance (EPR), (§2). The dependence of
crystal structure from thermal treatment is discussed in §3 in terms of clus-
tering of Al-defects. The results reported in this Chapter originate from the
group of M. Scavini and C. Oliva of the University of Milan.

3.1 Crystal structure of SmBa2Cu3O6+δ

In general, the crystal Structure of SmBa2Cu3O6+δ can be described as the
superposition of three perovskite cells: Sm is the central ion of central cell, Ba
is the central ion of external cells.

The structure of SmBa2Cu3O6+δ depends on the oxygen content δ (Fig. ??)[26].

With δ = 0 the O(4)and O(5) sites in the Cu(1) layer are vacant and the
structure is tetragonal (space group P4/mmm), with lattice parameters a =b
= 3.86 Å and c = 11.84 Å (see Table 3.1). O(4)and O(5) sites are equivalent and

SmBa2Cu3O6 SmBa2Cu3O7

Insulating Superconducting
Space group P4/mmm Pmmm

Tetragonal Orthorhombic

a(Å) 3.86 3.82

b(Å) ≡ a 3.89

c(Å) 11.84 11.68

Table 3.1: Crystal structure characteristics of SmBa2Cu3O6 and SmBa2Cu3O7

21
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a) b) 

Figure 3.1: Sketches of the SmBa2Cu3O6+δ unit cells, for the non superconducting
tetragonal phase, δ < 0.5 (a), and for the superconducting orthorhombic phase,
δ > 0.5 (b). Occupation factor of O(4) site is for tetragonal phase and for the
orthorhombic phase.

also the O(2)and O(3) sites. The tetragonal phase of SmBa2Cu3O6+δ (δ < 0.5)
is insulating and does not superconduct.

Increasing the oxygen content slightly causes more of O(4) and O(5) sites to
become occupied, with occupational factor equal to δ

2
.

For δ > 0.5 Cu-O chains along the b-axis of the crystal are formed, O(5)
sites are vacant and O(4) sites are occupied with occupational factor equal
to δ. Elongation of the b-axis changes the structure to orthorhombic (space
group Pmmm), for δ = 1 lattice parameters are a = 3.82, b = 3.89 and c
= 11.68 Å (see Table 3.1). O(4)and O(5) sites are no longer equivalent and
also the O(2)and O(3) sites are no equivalent. The orthorhombic phase of
SmBa2Cu3O6+δ is superconducting and the optimum superconducting proper-
ties occur when δ ∼ 0.93 and all of the O(4) sites are occupied with few vacan-
cies. Charge transport is confined to the Cu(2)O planes while the Cu(1)O(4)
chains act as charge reservoirs, which provide carriers to the CuO planes.

3.2 Crystal structure of

oxidized and reoxidized SmBa2Cu2.85Al0.15O6+δ

Polycrystalline SmBa2Cu2.85Al0.15O6+δ samples that we will study were synthe-
sized by the solid-state reaction described in ref. [15]. Subsequently sample A
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Figure 3.2: Details of the experimental (circles) and of the calculated(full lines)
XRPD patterns relative a) to the A sample and b) to the B sample. O and T refer to
the orthorombic and tetragonal phase respectively, from [14].

(δ = 1) was annealed for 96 hours at T = 673 K and P(O2) = 1 atm to induce
oxidation. An aliquot of sample A was annealed at T = 1073 K and P(O2)
= 10−4 atm for 96 hours and then at T = 400 K and P(O2) = 1 atm to give
sample B, in order to obtain Al clustering (see [16] and §3 of this chapter).
The Al concentration is fixed by the preparation while Thermogravimetric

measurements revealed that δA − δB ∼ 0.02. This means that sample A (no
Al clustering) and B (Al clustering) have approximately the same total holes
concentration [14].

3.2.1 X-ray

X-ray powder diffraction (XRPD) patterns were collected at T = 80 K, covering
a Q-range as large as max = 18.7 Å−1 (λ = 0.33483(1) Å) at the ID31 beamline
of the ESRF, Grenoble, France [27]. Rietveld refinement has been performed
using the GSAS software suite [28] and its graphical interface EXPGUI [29],
while for real-space analysis the programs PDFGetX [30] and PDFFIT [31]
were used.

Details of the XRPD patterns referring to the two samples are reported in
Fig. 3.2. The numbers in brackets are the Miller indices, ”O”and ”T” standing
for orthorhombic and tetragonal system, respectively. Some selected results of
the refinements are reported in Table 3.2.

Different annealing procedures affect the sample structure. A single tetrag-
onal phase matches well the XRPD pattern of sample A, while a biphasic
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Sample A Sample B model 1 Sample B model 2
Phase 1 Phase 2 Phase 1 Phase 2

Space group P4/mmm P4/mmm Pmmm P4/mmm Pmmm
Weight fraction 1 0.443 0.557 0.466 0.534

a(Å) 3.88 3.89 3.87 3.89 3.86

b(Å) ≡ a ≡ a 3.90 ≡ a 3.90

c(Å) 11.67 11.64 11.67 11.64 11.67
o.f.(Cu(1)) 0.85 0.85 0.85 0.808 0.892
o.f.(Al(1)) 0.15 0.15 0.15 0.192 0.108
o.f.(O(4)) 0.98 0.96 0.96 0.96 0.69
o.f.(O(5)) - - 0.00 - 0.27

Table 3.2: Selected structural parameters and agreement values of sample A and
B determinated by X-ray diffraction. Cu1 occupies the (0,0,0) site; Al1 occupies
the (x,x,0) site, x∼ ±0.06 site; O4 occupies the (0,1/2,0) site (see Fig.??). The
occupational factor (o.f.) are expressed as atoms per cells.

model is required to interpret the XRPD pattern of the reoxidized sample B:
a tetragonal phase and an orthorhombic, ca. with the same weight.

The XRPD pattern of sample B has been best fitted using two structural
models: in model 1, all the positional and thermal parameters are supposed
to be identical for the two phases while in model 2 the positional coordinates
and the Al concentration have been varied independently. In model 2, the Al
concentration increases in the tetragonal phase with respect to the orthorhom-
bic phase (see Table 3.2), reinforcing the idea that Al clustering is the driving
force of the phase separation observed in sample B.

From real-space analysis a value of 20 Å is derived for the average width of
Al-free domains in sample B [14].

3.2.2 EPR

EPR spectra recorded in the range 105 < T < 380 K using a Bruker Elexsys
spectrometer (modulation amplitude 3 gauss, microwave attenuation 15 dB,
gain 60 dB) are reported in Fig.3.3. They are rather similar at T = 280 K,
being composed of a Lorentzian-shaped line (L) at g∼ 2, to which a broad,
low-intensity Gaussian shaped line (G) adds at lower values of the magnetic
field. At lower temperatures, G becomes more intense and broader, and moves
towards lower field values. These effects are more accentuated for sample A
(Fig. 3.3a), while L increases markedly at lower temperatures (T≤ 200 K)
only for sample B (Fig. 3.3b).

The narrowed L Lorentzian shape is due to units like:
– Cu2+ ↓ – O2− ↑↓ – Cu2+ ↑ – O− ↑– Cu2+ ↑ – O2− ↑↓ – (Scheme I)
In fact, the ferromagnetic (FM) coupling between the three unpaired spins on
the right of Scheme I continuously swaps with the anti-FM coupling occurring
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Figure 3.3: EPR spectra corresponding to the A sample (a) and to the B sample (b)
at different temperatures. G and L refers to the Gaussian and Lorentzian shaped
peaks, respectively, from Ref. [14].

between the central and the left Cu ions in Scheme I.
The G pattern is generated [32] from different spin-polarized clusters of O−

holes with limited mobility [33] packed in spin bags [34] (SBs).
The pronounced increase of the L/G ratio in sample B can be ascribed to

Al-clustering which causes the formation of more ordered system, in which SBs
almost disappear while longer chain fragments like those of Scheme I build up.

3.3 Effects of thermal treatment

on Al-defect clustering in SmBa2Cu2.85Al0.15O6+δ

The dependence of crystal structure from thermal treatment is determined by
the arrangement of Al in the Cu(1) layer Fig. 3.4[16].
As discussed in §1, in the oxidized pure system SmBa2Cu3O7O(4) sites are

occupied and O(5) sites are vacant( see Fig. 3.5(a) and Fig. ??(b)). In
the original oxidized Al-doped sample A, Al3+ ions (four-fold coordinated)
substitutes Cu2+ ions in Cu(1) site with random spatial distribution, causing
the O(4) neighboring oxygen ion to move to O(5) site and therefore, since
the neighboring Cu(1) must be three-fold coordinated, two oxygen will leave
the matrix(see Fig.3.5(b)). This process causes a break of the linear O-Cu-
O chains or a deflect of them by 90 degrees. The matrix becomes divided
into small orthorhombic domains and the the sample appears macroscopically
tetragonal (Fig. 3.4 (a)).
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Reduction of the sample at low temperature, T≤ 973 K, where Al diffusion
coefficient is negligible (Al3+ ions are immobile), removes the oxygen between
Cu ions, while the oxygen between Al3+ ions remains pinned in the layer (Fig.
3.4 (b)).
Instead if the sample is reduced at higher temperatures, T≥ 973 K, where

the Al diffusion coefficient is sufficiently great, oxygen content is minimized by
the formation Al-O-Al- clusters (Fig.3.6 and Fig. 3.4 (c)).
If this reduced sample is reoxidized at low temperature, such as 673 K (sample

B), where clustered Al3+ ions are expected to remain immobile, the number of
effective domain-wall pinning centers per unit volume is reduced and there is
the formation of macroscopically orthorhombic domains (Fig. 3.4 (d)).
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Figure 3.4: Al (�), Cu (•) and O (�) distribution within the Cu (1) layer. For the
oxidized (a), the random Al arrangement leads to the formation of small orthorhom-
bic domains. Reduction at low temperature (b) only affects the oxygen between Cu
ions, whereas for a reduction at high temperature (c) the Al ions may form [Al-O]
clusters. The [Al-O] clusters reduce the defect density in the Cu-O layer, so that
larger orthorhombic domains can form in the reoxidized sample (d), from Ref. [16].
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Figure 3.5: In the oxidized pure system SmBa2Cu3O7 (a) the oxygen atoms are
located at the O(4) sites and form Cu-O chains along the a axis. The O(5) sites
remain vacant. Doping by trivalent Al3+ leads to a disorder in the oxygen sublattice
and thus to a reduction of the total oxygen content (b), from Ref. [16].

Figure 3.6: Possible Al-O arrangements within the Cu(1) layers for octahedral (a,b)
and tetrahedral (c,e) coordination of Al3+. Clustering of Al defects (d,e) minimize
oxygen contents by sharing oxygen ions, from Ref. [16].



Chapter 4
Magnetization measurements
on SmBa2Cu2.85Al0.15O6+δ

In this Chapter, high resolution magnetization measurements M(H,T) carried
out in the pure sample SmBa2Cu3O7 (§1), in the oxidized SmBa2Cu2.85Al0.15O6+δ,
sample A, (§2), and in the reoxidized SmBa2Cu2.85Al0.15O6+δ , sample B, (§3),
are presented.
Measurements have been carried out by means of Quantum Design MPMS-

XL7 SQUID Magnetometer.
In general, two different processes can be performed to obtain the magneti-

zation M ay constant field:

• In zero-field-cooling process (ZFC), the system is cooled down in zero
field to the temperature T, then the magnetic field H is applied and the
measure of M is carried out.

• In field-cooling process (FC), the magnetic field H is applied at high
temperature (in our case 300 K), then the system is cooled down to the
temperature T and the measure of M is performed.

The value of M at the end of the two processes, can be different if one of the
two processes, or both, leads the system to a thermodynamical non-equilibrium
state.

4.1 Isothermal and isofield magnetization curves

in SmBa2Cu3O7

The sample of chemical composition SmBa2Cu3O7was synthesized by solid-
state reaction following the procedure described in Ref. [15]. The crystal
structure is described in Chapter 3.1 (see Fig.?? (b)).
In Fig. 4.1 the temperature dependence of magnetic susceptibility in applied

field H = 20 Oe is reported. The occurrence of two slightly different phases,

29
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Figure 4.1: Magnetic susceptibility of SmBa2Cu3O7 powders as a function of tem-
perature, obtained in a field-cooling process at applied magnetic field H = 20 Oe.
In the inset, by zooming the experimental data of the main figure, the evaluation
of the transition temperature Tc is shown. It should be remarked that in the scale
adopted the paramagnetic, Pauli-like, contribution is negligible, as well as other
diamagnetic contribution present above Tc

.

undergoing superconducting transition at different temperatures, is evident
from the change of the slope of the curve around 90 K. The higher transition
temperature was estimated extrapolating to zero the linear behavior of χ in
the temperature range 90-92 K, as shown in the inset of Fig. 4.1. One derives
Tc = 91.8 ± 0.2K.

Magnetization measurements at a constant field H have been performed as
a function of temperature. In general, three contribution to the magnetization
Mtot were observed: the Pauli-like contribution MP only slightly T -dependent
, a contribution due to impurities Mimp, and the contribution related to the
superconducting properties M . MP +Mimp is found to be linear in T in the
temperature range ∆T = 150 − 95 K, where M is practically zero. So M in
the proximity of Tc was extracted by subtracting fromMtot the value obtained
extrapolating for T → T+

c the curve MP +Mimp vs T in ∆T .

Typical magnetization curves M(H = const, T ) for different applied field, in
field-cooling condition, are reported in Fig.4.2.

The diamagnetic contribution to magnetization curves due to superconduct-
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Figure 4.2: Magnetization as a function of temperature, in proximity of the transition,
in SmBa2Cu3O7 , obtained in field-cooling processes. The solid lines are guides to
the eye.

ing fluctuations Mfl as a function of field for different temperatures is repre-
sented in Fig. 4.3. The data in each isothermal curve were extracted from
the data in Fig. 4.2, fixing the temperature to a value T ≥ Tc and collecting
the value of M for different fields. Being T ≥ Tc this contribution is not due
to the superconducting equilibrium state but to metastable Cooper pairs that
arise for T → Tc, associated to thermal fluctuations of the order parameter
(see Chapter 1). Finally, M was multiplied by 3 because, being the sample
formed by non-oriented powders, only 1/3 of the sample has on average c ‖ H
and we consider negligible the contribution to magnetization due to sample
regions with c ⊥ H. Actually, the dependence of fluctuating magnetization
on the angle between c and H in an anisotropic superconductor is more com-
plex, a detailed calculation are given in [35] for a randomly oriented powder.
However, for anisotropy factor γ ≈ 7 the fraction 1

3
is close to the result of

the detailed analysis [35]. It’s worth to stress that there will be no difference
between the curves obtained in this way, i.e. in FC processes, an the ones
derived in ZFC processes, because no irreversibility effects has been detected
in the temperature range 92.5 ≤ T ≤ 94 K.
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Figure 4.3: Diamagnetic magnetization as a function of field along the c-axis, for
different temperatures above Tc, in SmBa2Cu3O7 , obtained in field-cooling pro-
cesses. the changeover from the linear field regime (−Mfl ∝ H) to −Mfl ∝

√
H

for T → Tc is manifest.

4.2 Isofield magnetization curves:

oxidized SmBa2Cu2.85Al0.15O6+δ and

reoxidized SmBa2Cu2.85Al0.15O6+δ

The sample of chemical composition SmBa2Cu2.85Al0.15O6+δ (sample A) was
synthesized by solid-state reaction following [15] and subsequently was an-
nealed for 96 hours at T = 673 K and P(O2) = 1 atm to induce oxidation
(sample (A), oxidized SmBa2Cu2.85Al0.15O6+δ ); an aliquot of sample (A) was
further annealed at T = 1073 K and P(O2) = 10−4 atm for 96 hours and then
at T = 400 K and P(O2) = 1 atm for the same time (sample (B), reoxidized
SmBa2Cu2.85Al0.15O6+δ ), in order to obtain Al clustering [14] . The crystal
structure of the two samples is described in Chap. 3.2 of this thesis (see Tab.
3.2), the effects of thermal treatment on Al-defects clustering are described in
Chap. 3.3 (see also [16]).
In Fig. 4.4 the temperature dependence of magnetic susceptibility in a ap-

plied field H = 15 Oe is represented for A sample (Fig. 4.4(a)) and for B
sample (Fig. 4.4(b)). The slope of the curve χ vs. T indicates that both
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Figure 4.4: Magnetic susceptibility of the A (a) and B (b) samples obtained in field-
cooling-processes at applied magnetic field H = 15 Oe. In the insets, by zooming
the experimental data of the main figure, the Tc evaluation is shown.
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Figure 4.5: Diamagnetic magnetization as a function of field along the c-axis for
different temperatures above Tc in oxidized SmBa2Cu2.85Al0.15O6+δ (sample A), ob-
tained in field-cooling (empty symbol) and zero-field-cooling (filled symbols) pro-
cesses.

samples are monophasic. The transitions temperatures Tc were estimated ex-
trapolating at zero the linear behavior of χ occuring below Tc, as shown in the
insets in Fig. 4.4. One has Tc = 45.5 ± 0.5 K for A sample and Tc = 56.6 ± 0.5
K for B sample.

4.3 Isothermal magnetization curves:

oxidized SmBa2Cu2.85Al0.15O6+δ and

reoxidized SmBa2Cu2.85Al0.15O6+δ

The diamagnetic contribution to magnetization due to superconducting fluc-
tuationsMfl as a function of field for different temperatures, obtained in zero-
field-cooling (ZFC) and field-cooling (FC) processes, is represented in Fig. 4.5
for sample A and in Fig. 4.6 for sample B.

For ZFC processes, Mfl(H)|T has been obtained subtracting to the magneti-
zation at the temperature T of interest the value of magnetization at a temper-
ature (70 K for A sample, 100 K for B sample) where the effect of fluctuations
can be neglected. In this way the Pauli contribution to the magnetization,
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slightly dependent from T , is eliminated. The residual contribution due to
paramagnetic impurities is linear in the field for high fields in both samples
and so can easily removed.
For FC processes, to obtain Mfl(H)|T a procedure similar to the one de-

scribed in §1 for SmBa2Cu3O7was utilized. First iso-field FC curvesMtot(T )|H
were measured. Three contribution to the total magnetization Mtot were ob-
served: a Pauli like contributionMP slightly dependent from T, a contribution
due to impurities Mimp, and the contribution due to the superconducting sys-
temM . Then curveMP +Mimp vs T was evaluated in a temperature range ∆T
whereM is practically zero (∆T = 100−55 K for sample A and ∆T = 200−100
K for sample B). So M in the proximity of Tc was extracted by subtracting
from Mtot the value obtained extrapolating for T → T+

c the curve MP +Mimp

vs T in ∆T . Then M(H)|T in proximity of Tc was obtained from M(T )|H
data fixing the temperature to a value T ≥ Tc and collecting the value of M
for different fields. Finally, Mfl was derived multiplying M by 3 because, as
already explained.
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Figure 4.6: Diamagnetic magnetization as a function of field along the
c-axis for (a) higher and (b)lower temperatures above Tc in reoxidized
SmBa2Cu2.85Al0.15O6+δ (sample B), obtained in field-cooling (empty symbol) and
zero-field-cooling (filled symbols) processes.



Chapter 5
Results and Discussion

In this Chapter the experimental data reported in Chapter 4 are discussed
in the framework of the fluctuations theory based on Ginzburg-Landau func-
tional (GL), briefly recalled at Chapter 2. Isothermal magnetization curves in
SmBa2Cu3O7 sample are found to be explained with the diamagnetic contri-
bution to the total magnetization due to fluctuations of the order parameter
modulus, calculated on the basis of an anisotropic GL functional (§1). On the
contrary, it is showed that the diamagnetic response of SmBa2Cu2.85Al0.15O6+δ

samples cannot be ascribed to a conventional GL-scenario, but has to be dis-
cussed in terms of phase fluctuations of the local order parameter in a layered
system of vortices, where charge inhomogeneities induce local superconducting
regions with local transition temperature T loc

c higher than the bulk transition
temperature Tc (§2).

5.1 Fluctuations of the order parameter modu-

lus in SmBa2Cu3O7

Ginzburg-Landau description of fluctuating diamagnetism breaks down when
a magnetic field comparable to Hc2 is applied. For example, it was experimen-
tally observed [36] that the scaled magnetization m = Mfl(Tc)/H

1/2Tc is not
independent from the applied magnetic field H but is progressively reduced
by H and practically quenched for H ≈ Hc2(0) ∗ 10−2, while, on the basis of
the conventional GL theory it would be a universal numerical constant for all
materials and for all applied fields, according to the equation

Mfl(Tc, H → 0) = −0.32kBTc

Φ
3/2
0

√
H. (5.1)

This break-down is due to the fact that the application of magnetic field favours
short-wave-length fluctuation modes, which in the conventional GL theory [37]
are neglected.

37
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To determine, in our case, the range of validity of the G-L theory we will
limit our consideration first to the zero-dimensional case, i.e d ≪ ξ(T ),or, as
extended approximate case, d ≤ ξ(T ). In the 0-D case one can derive the
Fluctuating Diamagnetism as due to metastable superconducting droplets of
dimension d of the order of ξ(T )[36], see §2.2.1 and Appendix A.
According to equation 2.26, the smallest droplets contribute most to the

fluctuating diamagnetism. At the same time, to such droplets (d ≤ ξ(T )) is
associated a high free-energy cost, caused by the sharp gradients in the order
parameter (related to short-wave-length fluctuation modes).

Then, from the zero-dimension expression for the fluctuating magnetization,
Eq. 2.25, one can deduce that for low fields−Mfl is linear inH , then increasing
the field an upturn in the field dependence occurs for the value Hup(ǫ) ∼ Φ0

dξ(ǫ)

and |Mfl| decreases (see Eq.2.25). The above results reveal the breakdown of
the conventional GL theory, evidencing the existence of an“ upturn field ”Hup.

Let’s now consider the case of HTSC. If we assume d = ξ(T ), ξ0 ≃ 10Å
(typical of HTSC) and ǫ ≃ 10−2, Hup turns out of the order of 20T . Therefore,
fluctuating diamagnetism in SmBa2Cu2.85Al0.15O6+δ compounds could be de-
scribed on the basis of a GL functional for fields smaller than several Tesla. In
particular experimental isothermal magnetization curves in SmBa2Cu3O7 sample
can be analyzed in the framework of the theory described in §2.2.
In §2.2.3 it is described how starting from the generalization of the GL func-

tional for a layered superconductor (LD functional) in a perpendicular mag-
netic field (Eq. 2.27) the fluctuation part of the free energy can be obtained,
see Eq. 2.34. The diamagnetic contribution to magnetization due to supercon-
ducting fluctuationsMfl = − 1

V
∂F
∂H

can be obtained from Eq. 2.34 by numerical
derivation [9]. In the “pure ” compound SmBa2Cu3O7 a qualitative agreement
between Mfl obtained in this way and the experimental data is obtained.

On the other hand, handling with Hurwitz zeta function, a general formula
for magnetization in 3D case can be carried out [20, 21, 22], see Eq. 2.40.
From this equation, it can be seen that, while for weak fields at tempera-
tures relatively far from Tc (

H
Hc2(0)

≪ ǫ) there is a linear dependence between
magnetization and magnetic field, see Eq. 2.41, at Tc Mfl results:

Mfl(3)(0, h) = −
0.32kBT

Φ
3/2
0

ξ2
0‖

ξ2
0⊥

√
H. (5.2)

This crossover from a 3D linear regime to a 3D non linear regime is evident in
experimental data presented in Fig.5.1.

The 3D nature of fluctuations in SmBa2Cu3O7 samples is confirmed by the
comparison of isofield magnetization measurements with the laws derived by
scaling arguments.

In this approach, once fixed the dimension of the system, the singular part
of free energy depends only on the number of flux quanta per coherence area,
see [24], and magnetization follows the behavior described by Eq. 2.50. For
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Figure 5.1: Diamagnetic magnetization above Tc as a function of field along the
c-axis (calculated as reported in Chapter 4.1), for representatives temperatures, in
SmBa2Cu3O7 , obtained in field-cooling processes, taken from Fig. 4.3. The solid
lines describe the field dependence for different temperatures according to the GL
theory for optimally doped HTc cuprates

3D anisotropic systems Eq.2.50 takes the form:

Mfl(Tc)

H
1/2
⊥

= γ
kBTc

Φ
3/2
0

m3(∞) (5.3)

where H ‖ c , γ =
ξ0‖
ξ0⊥

and m3(∞) = −0.32 in agreement with GL result of
Eq.5.2. So, a crossing of isofield curves for T = Tc when the magnetization is
rescaled by

√
H is expected.

In Fig. 5.2 scaled magnetization m vs H in SmBa2Cu3O7 sample is plot-
ted for different fields, around the transition temperature. A good agreement
with scaling predictions for 3D anisotropic systems (Eq.5.3) is found. The
isofield curves cross each other at a temperature T ∗ slightly greater than Tc, in
agreement with the results obtained in YBa2Cu3O7 by I. Zucca. [38]. Little
discrepancy between the values of Tc and T

∗ were found also in other works
[39, 40].
In Fig. 5.3 the scaled magnetization in a field of 1000 G, around the super-

conducting transition, in SmBa2Cu3O7 and in optimally YBa2Cu3O7 (oriented
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Figure 5.2: Scaled magnetization m = Mfl/H
1/2Tc as a function of temperature,

around the superconducting transition, for different magnetic fields along the c-axis
(calculated as reported in Chapter 4.1), in SmBa2Cu3O7 , obtained in field-cooling
processes. The solid lines are guides for eyes.

powder), taken from ref. [35], are compared. It can be noted that the two com-
pounds show a similar behavior. In YBa2Cu3O7 the scaled magnetization is
about a factor 1.3 greater than in SmBa2Cu3O7 . This has to be ascribed to the
fact that a fraction of the sample, about the 20% if we consider an anisotropy
factor γ ≈ 7, undergoes the transition at a temperature lower than 91.8 K.
Summarizing, the observed fluctuating diamagnetism in pure SmBa2Cu3O7

(optimally doped) sample can be ascribed to conventional fluctuations of the
order parameter, well described on the basis of an anisotropic GL functional.

5.2 Evidence of phase fluctuations in underdoped

compounds

First it will be shown that the observed diamagnetism in SmBa2Cu2.85Al0.15O6+δ

samples for temperature higher than Tc cannot be ascribed to conventional GL
fluctuations.
In Fig.5.4 the scaled magnetization m = Mfl/H

1/2Tc in the two samples is
plotted in function of temperature, for different magnetic fields. No crossing
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Figure 5.3: Diamagnetic magnetization m = Mfl/H
1/2Tc as a function of tempera-

ture, around the superconducting transition in a field of 1000 G (�) along the c-axis
(calculated as reported in Chapter 4.1) in SmBa2Cu3O7 , obtained in field-cooling
processes. For comparison the data in oriented powder of optimally doped YBCO
in a field of 1000 G are reported (△).

of m vs. T curves at Tc is observed in both samples, in contrast to scaling
predictions for 3D anisotropic system , see Ref. [24] and Eq.5.3. Furtermore
the upturn in the field dependence of Mfl, Fig. 5.5, cannot be ascribed to
the saturation of magnetization expected in GL fluctuation regime. In fact,
the fluctuating diamagnetism is primarly related to fluctuation-induced super-
conducting droplets of dimension d ≃ ξ(T ) [36]. By assuming the condition
of zero dimension for these droplets an upturn in the field dependence of Mfl

for Hup(ǫ) ∼ Φ0

ξ2 ǫ is predicted for these droplets, see ref.s [20] and [3]. This

fact for ξ0 ≃ 10Å and ǫ ≃ 10−2 implies that Hup is in the range of 20T , while
in SmBa2Cu2.85Al0.15O6+δ the upturn occurs for fields of the order of 102 G
for oxidized sample and 103 G for reoxidized sample. Moreover magnetization
curves measurements performed under zero-field-cooling (ZFC) and field cool-
ing (FC) conditions are not superimposed (Fig.5.7); such irreversible effects
have been ascribed to the existence of stable superconducting zones [14] for
T ≤ Tc (local Tc).

Neither the precursor diamagnetism can be ascribed to a diffuse transition
characterized by a distribution of local transition temperatures T local

c , typical
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Figure 5.4: Scaled magnetization m = Mfl/H
1/2Tc as a function of temper-

ature, around the superconducting transition, for different magnetic fields along
the c-axis (calculated as reported in Chapter 4.3), obtained in field-cooling
processes, in oxidized SmBa2Cu2.85Al0.15O6+δ (sample A)(a), and in reoxidized
SmBa2Cu2.85Al0.15O6+δ (sample B)(b).
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Figure 5.5: Diamagnetic magnetization as a function of field along the
c-axis (calculated as reported in Chapter 4.3), for different temperatures
above Tc in oxidized SmBa2Cu2.85Al0.15O6+δ (sample A)(a), and in reoxidized
SmBa2Cu2.85Al0.15O6+δ (sample B)(b). Hup denotes the upturn field at which the
slope of Mfl changes sign.
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Figure 5.6: Temperature behavior of the upturn field Hup in ox-
idized SmBa2Cu2.85Al0.15O6+δ (sample A)(a), and in reoxidized
SmBa2Cu2.85Al0.15O6+δ (sample B)(b).
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Figure 5.7: Typical magnetization curves in oxidized
SmBa2Cu2.85Al0.15O6+δ (sample A)(a), and in reoxidized
SmBa2Cu2.85Al0.15O6+δ (sample B)(b,c).
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of heterogenous systems, as considered in [41] for underdoped La1.9Sr0.1CuO4.
In fact, in such case the observed diamagnetism at T ≥ Tc would be the

mean-field superconducting diamagnetic response of (mesoscopic) regions of
the sample with T local

c > Tc: Hup practically coincides with Hc1 and therefore
would decrease with temperature; on the contrary in our case Hup increases
with temperature, see Fig. 5.6.
The presence of stable superconducting droplets, caused by charge inhomo-

geneity, is so necessary to explain the observed behavior of Mfl. For this
droplets, the order parameter amplitude is frozen to a non zero value, being
the droplets below the local transition temperature T local

c , but the phase of
the order parameter is subjected to thermal fluctuations that produce vor-
tex excitations, see 2.3 and [11]. The magnetic susceptibility related to these
droplets can be obtained starting from the phase dependent term of the L-D
functional (Eq. 2.64), as described in [9, 11, 12] and reported in §2.3 of this
thesis. Summarizing, from Eq. 2.64 the phase fluctuations contribution to the
free energy is obtained, and from the orbital diamagnetic response, see Eq.
2.68, the susceptibility is derived

χ(H) =
∂2F

∂H2
= lim

q→0

K(q)

q2
= −kBT

sΦ2
0

1

1 + 2n′

[
1 + δ

(
H
H∗

)2
]2

nv

− s2γ2(1 + n′)

1 + 2n′
·
[
1 + δ

(
H

H∗

)2
]

+
47L2

540

J‖
s

(
2π

φ0

)2 (
H

H∗

)2

, (5.4)

where H∗ = Φ0

L2 , γ =
ξ0‖
ξ0⊥

and

nv = nth + nF = no exp

(
− E0

kBT (1 + δ
(

H
H∗

)2
)

)
+
H

Φ0
(5.5)

is the vortex density. In Eq. 5.5, nth is the contribution due to phase fluctu-
ations and nF the one due to external field, and it has been considered that
vortex pancakes are correlated for a distance n′s, where s is the interlayer dis-
tance. The variable δ will be discussed below in connection with the presence
of an upturn field in magnetization curves.
From Eq. 5.4 we see that χ is negative for H ≤ H∗, being negligible the

term in δ
(

H
H∗

)2
. Increasing the field this therm grows and χ can change the

sign causing an upturn in magnetization curves. The other parameter that
determines the behavior of the system is δ whose value depends if we are
above or below the irreversibility local temperature T local

irr :

δ =

{
π2J‖

3kBT
, when T > T local

irr ,
π2J‖

kBT
, when T<Tlocal

irr .
,
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For 2D systems
J‖

kBT
is zero at T > T local

irr , and greater than 2 for T < T local
irr [11].

As a consequence no upturn in the field dependence of the magnetization is
expected for a 2D system above irreversibility temperature. In general, for a

real system
J‖

kBT
is different from 0 also for T > T local

irr and can be demonstrated
from Eq. 5.4 that the condition χ(H) = 0 requires that L > L0, where L0

depends on the temperature and from some characteristics of the material. In
our case when the ZFC and FC experimental curves are superimposed, i.e.
when the droplets are above the local irreversibility temperature, the signal to
noise ratio is too poor to allow a firm conclusion on the presence of an upturn
in the field dependence of the magnetization.
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Summarizing Remarks
and Prospective Studies

The diamagnetic contribution Mfl to the magnetization above the supercon-
ducting transition has been studied in the family of the new high temperature
superconductor SmBa2Cu2.85Al0.15O6+δ by means of high resolution magneti-
zation measurements. Those compounds are of particular interest since allow
the control of the holes by means of Al for the in-chains Cu substitutions.

For the optimally doped compound SmBa2Cu3O7 at Tc = Tmax
c the magneti-

zation curves have been analyzed in the framework of superconducting fluctu-
ations theories based on the generalization of the Ginzburg-Landau functional
for layered superconductors. A good agreement among experimental data and
the theoretically predicted Mfl(H) was found, with a crossover from 3D lin-
ear regime to 3D non linear regime approaching the transition temperature.
Moreover, in this compound, the laws derived from scaling arguments for 3D
anisotropic system are well obeyed. Thus, in SmBa2Cu3O7 the diamagnetic
contribution to the magnetization has to be ascribed to conventional GL su-
perconducting fluctuations of the order parameter, causing local concentration
of fluctuating Cooper pairs.

On the contrary, for the Al-doped compounds SmBa2Cu2.85Al0.15O6+δ the
study of experimental isothermal magnetization curves Mfl vs H led us to the
conclusion that in these systems the observed diamagnetic response can not
be due to conventional GL superconducting fluctuations. In fact, an upturn
in Mfl(H) has been observed for fields Hup of the order of 10

2 G for oxidized
sample and of 103 G for reoxidized sample (for reduced temperatures ǫ =
(T − Tc)/Tc ≈ 10−1). This upturn cannot be related to the quenching of SF
by the external field, as in HTSC this is expected to occur at H ≥ 106 G.
Moreover the observed diamagnetic contribution can not be due to a diffuse
transition, occurring in the presence of chemical inhomogeneities (and related
a distribution of Tc ). In fact since Hup was found to increase with temperature,
while the opposite behavior of Hup as a function of temperature is expected in
that case, as I am going to recall in the following.

Two different mechanisms in principle could explain the observed enhanced
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diamagnetic contribution to magnetization above the transition temperature
in HTc cuprates:

i) the existence of metastable superconducting droplets accompanied by phase
fluctuations of the order parameter;

ii) the occurence of a diffuse transition typical e.g. of chemically inhomogeneus
systems.

In our samples, the behavior of Hup(T ) rules out the possibility that FD is due
to a diffuse transition because in this case Hup(T ) is expected to decrease with
T (> Tc). In fact in this case the magnetization curve above the bulk Tc would
mimic the magnetization behavior below Tc and then Hup would practically
coincide with Hc1.
The data of the present thesis allowed us to extend the study of the behav-

ior of Hup(T ) to a wider range of temperature and to investigate the role of
different Cu-O chain lengths on SF.
In SmBa2Cu2.85Al0.15O6+δ (δ ≈ 1) the underdoped sample with shorter chain

length, the upturn field Hup(T ) increase from ≃ 100 G to 350 G by increasing
temperature. The SF occurs in a relatively narrow range above Tc = 45.5K,
i.e. 47 ≤ T ≤ 49 K. When this sample is reoxidized, Tc increases to 56.6K,
the upturn field increases with temperature from ≃ 800 G to 3500 G. This
could be due tan increase of the fragment or to a changeover in the interaction
between planes. The SF occur in a wide T -range from 56.6 < T < 92 K and
the diamagnetic magnetization is greatly enhanced.
Summarizing, the presented experimental data on SmBa2Cu2.85Al0.15O6+δ

definitely prove the existence of metastable superconducting droplets with
T loc

c > Tc, where strong fluctuations of the phase of the order parameter occur.
Such fluctuations give a diamagnetic contribution toMfl(H), that is quenched
in correspondence of an upturn field Hup which increases with temperature, as
theoretically predicted.
The length of Cu-O chain was found to influence the transition tempera-

ture and the temperature range where SF occur, the value of Hup(T ) and the
magnitude of their diamagnetic contribution to the total magnetization −Mfl.
Further work related to the present thesis will be the quantitative com-

parison between the theoretical predictions and the experimental findings in
SmBa2Cu2.85Al0.15O6+δ samples. The experimental data will give us informa-
tion about the effective size of superconducting droplets and their temperature
dependence, shedding light on the character of the bulk superconductive tran-
sition in underdoped superconducting cuprates. The study of the influence of
the Cu-O chains on the microscopic superconducting mechanism properties,
like e.g. the Tc value and the role of charge reservoir attributed to the chains
should be triggered by our present work.
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Appendix A
Superconducting fluctuations in
metallic nanoparticles
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Abstract

High-resolution superconducting quantum interference device magnetization
measurements in lead nanoparticles with particle size d less than the super-
conducting coherence length are used to study zero-dimensional uctuating dia-
magnetism. The diamagnetic magnetization Mdia(H, T =const) as a function
of the applied magnetic field H at constant temperature is reported in the
critical region and compared with the observed behavior in the temperature
range where the first-order fluctuation corrections are expected to hold. The
magnetization curves are analyzed in the framework of exact fluctuation the-
ories based on the Ginzburg-Landau functional for ξ ≫ d. The role of the
upturn field Hup, where the slope of Mdia(H) changes sign, is discussed. The
relevance of the magnetization curves over a wide range of magnetic fields and
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(1) (2a) (2b) (3)
de1 = 160A◦ de2 = 250A◦ de2 = 400A◦ de3 = 750A◦

σd1 = 40A◦ σd2 = 60A◦ — σd3 = 200A◦

dm1 = 170A◦ — — dm3 = 720A◦

Tc = 7.09± 0.005 Tc = 7.09± 0.005 Tc = 7.1± 0.03 Tc = 7.09± 0.005
ǫc = 9× 10−2 ǫc = 2.2× 10−2 — ǫc = 1.1× 10−2

Hgrain
c ≈ 2500± 400 Oe — — Hgrain

c ≈ 1150± 100 Oe

Table A.1: Expected (average) diameters of the particles, standard deviation of the
particle diameters, median diameters of the particles, superconducting transition
temperatures in the limit H → 0 (in degrees K), limits of the critical region (see
text) and critical fields of the grains (as obtained from the extrapolation of Tc(H) for
relatively low field according to Eq.A.3 It is noted that by using an effective, properly
averaged, diameter of the grains the estimates of ǫc do not change much.

the role of Hup for the study of fluctuating diamagnetism, in particular, when
the first-order fluctuation correction breaks down, is pointed out. The size and
temperature dependences of Hup in the critical region are obtained from the
experimental data and compared to the theoretical derivations for Mdia

Introduction

Superconducting fluctuations (SF) and precursor effects occurring above the
superconducting transition temperature Tc have attracted great interest over
the past few decades and resulted in advanced theoretical descriptions[20]. The
effect of an external magnetic fieldH is especially interesting. While the field is
a necessary tool to carry out relevant measurements, a strong field is expected
to suppress the fluctuating Cooper pairs. Thus a variety of phenomena are
reflected in the dependence of the SF and of the fluctuating diamagnetism
(FD) on the external field H . Moreover, experimentally studying the effect of
H on SF can be quite challenging, as for the cases of the field dependence of
the spin susceptibility controlling the NMR spin-lattice relaxation [42] or the
diamagnetic susceptibility χdia related to FD [17].

A meaningful study of the field-dependence of SF can be carried out in grains
of size d smaller than the coherence length ξ, i.e., in the zero-dimensional (0D)
limit. In such samples one has an enhancement of the fluctuations relative to
those at higher dimensions and and an enlargement of the critical temperature
regime. In 0D only spatially uniform fluctuations of the order parameter Ψ(r)
need to be considered. Thus the Ginzburg-Landau (GL) free energy functional

F [Ψ(r)] = Fnormal +

∫
dV {a |Ψ(r)|2 + (b/2) |Ψ(r)|4

+ (1/4m)|[−i(~/2π)∇− (2e/c)A]Ψ(r)|2}
.

(A.1)
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where [20] a = α0[T−Tc(0)] = α0Tcǫ,A is the vector potential of the field and =
ǫ = [T −Tc(0)]/Tc(0), no longer requires a Fourier series expansion of Ψ(r) and
so exact solutions for fields H ≪ Hc become possible. An understanding of the
field dependence of SF in 0D is important for the FD in bulk superconductors
also, as the dominant contribution to the diamagnetic susceptibility χdia for
T+

c is due to metastable superconducting ”droplets” of diameter of the order
of ξ(T ). Then the isothermal magnetization curves Mdia(H, T =const) can
be qualitatively understood by assuming these fluctuating droplets are zero-
dimensional [35, 9].

Attempts to study the magnetic aspects of the SF in metallic nanoparticles
were carried out long ago, particularly through the electronic spin suscep-
tibility via NMR T1 relaxation measurements [43, 44] and measurements of
the diamagnetic susceptibility χdia[45]. In T1 measurements conclusive evi-
dence for effects related to SF proved to be elusive, as the expected increase
of the relaxation rate for T+

c was smeared out in 0D particles by a rounding of
the transition and renormalization due to non linear fluctuations[44]. For the
Knight shift measurements it was difficult to isolate the contributions of SF,
and again a reduction in χ”spin(k, ω) in grains was observed near Tc[43, 46].

Fluctuation diamagnetism in Aluminium nanoparticles was successfully stud-
ied in a pioneering experiment by Buhrman and Halperin [45] by measuring
the magnetization as a function of temperature, in constant magnetic fields.
The data were analysed in terms of χdia for H → 0, as derived in exact the-
ories [47, 48] for the GL free energy functional in 0D limit. The behaviour
of Mdia(T ≈ Tc) in non-zero magnetic fields was discussed by extending the
zero-field equations with the replacement of the reduced temperature ǫ by
(ǫ + H2/H2

c ), where Hc is the size-dependent critical field. The tendency to-
wards the expected limiting slope χdia ∝ H−2 was emphasized[45].

More recently Li et al.[49] have carried out conductivity, specific heat and
susceptibility measurements in Pb nanoparticles that have highlighted quan-
tum size effects on superconducting (SC) properties. Electron tunnelling in
nanometer-scale Al particles has been used [50] to study the structure of the
electronic energy levels. Size effects on Tc of lead nanoparticles embedded in an
amorphous matrix have been studied by Tsai et al.[51]. Gladilin et al.[52] have
developed an exhaustive theory on the magnetic response and the SC prop-
erties of ultrasmall grains. For a description of the properties of ultrasmall
particles, see the reviews in Ref.[53].

In this paper we report the results of a study of the superconducting fluc-
tuations and of the related fluctuating diamagnetism in Lead nanoparticles
with diameters ranging from 150 to 750 A◦, sizes for which effects of finite-
level spacing should be negligible (see the Section Experimental). By means of
high-field resolution SQUID measurements, isothermal magnetization curves
Mdia(H, T

+
c ) were obtained and used to study the effect of magnetic field on

the fluctuating pairs, particularly in the temperature range very near Tc where
the first-order fluctuation correction breaks down and the role of the |Ψ(r)|4
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term in Eq. A.1 becomes crucial (the critical region). The importance of
studying the magnetization curves on approaching Tc rather than the more
common susceptibility measurements as a function of temperature at constant
field has been noted for 3D and 2D superconductors [21]. For metallic nanopar-
ticles we will show that isothermal magnetization curves provide novel insights
regarding critical fluctuations in the case of 0D as well.

Experimental results

The Pb nanoparticles were produced by a modification of the Polyol Process
technique [54]. All chemical reagents and solvents (Sigma-Aldrich products)
had purity higher than 99%. The reaction was performed in a sealed glass
vessel surmounted by a cooling column in order to obtain polyol reflux. To
produce a relatively narrow distribution of the nanoparticle dimensions, a high
homogeneity of solution was obtained during the reaction process by vigorous
mechanical stirring. 50 ml of tetraethylene glycol (TEG: C8H18O5) were in-
troduced in the sealed vessel and heated by a thermostatic bath at 320 ◦C to
reach the TEG boiling. At this time a solution of PbO in TEG was introduced
in the vessel. In order to produce grains of different sizes, the concentration of
PbO in TEG and the reaction time were adjusted between 0.02 - 0.4 mol and
15 - 50 minutes, respectively.
The powder was washed several times with ethanol at the beginning of the

process and with acetone at the end. At the end of the reaction process the
fine-powder fraction of Pd particles was separated from the coarse powder
using a centrifuge. The particles were electrically isolated from one another
by natural thin layers of oxide which were produced by ageing the particles in
atmosphere for about 30 days.
A variety of techniques were used to characterize the Pb powders. A Philips

PW 1710 diffractometer utilizing Cu K radiation ( λ = 1.5418 A◦) was used
to carry out powder X-Ray Diffraction (XRD) measurements. XRD patterns
between 25◦ < 2θ < 65◦ were collected. A Philips EM 208S Transmission Elec-
tron Microscope with a copper (Cu) grid coated with a formvar membrane was
utilized at 100 keV for imaging the nanoparticles. Lead (Pb) nanoparticles were
suspended in ethanol by sonicating, then the Cu grid was dipped in the solu-
tion. Finally, by means of an EDWARDS E306 metallizer, the grids containing
the Pb nanoparticles were coated by a very thin carbon layer in order to avoid
breaking the membrane. The nanoparticles have also been analyzed through
Atomic Force Microscopy (AFM). The AFM (Digital Instruments Nanoscope
IIIa ) was equipped with a sharpened silicon tip with a radius less than 5
nm. Images of the surface profiles were obtained by operating the AFM in the
tapping mode, with a scan size and rate of 2 µm and 2 Hz, respectively.
The X-Ray diffraction peaks in Fig. A.1(a) are those expected for fcc Pb,

with an additional smaller peak produced by the thin layer of superficial oxide,
which is estimated to be approximately 5% of the total grain weight. In the
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same Figure (part b and part c) TEM images are shown. From these the oxide
thickness can be estimated to be about 10% of the nanoparticle diameter. The
particles size distribution, based on the TEM images and fitted to a log-normal
distribution of the particle diameters, is shown in Fig. A.1(d), for sample 1.
In Fig.FigAppB2 the AFM image for sample 3 and the related particle size
distribution, fitted to a log-normal distribution of the particle diameters, are
given.

In Table A.1 we report the expected diameter de = exp(µ+ σ2/2), the stan-
dard deviation of the particle diameters σd = exp(µ + σ2/2)[exp(σ2) − 1]1/2,
where µ and σ are the mean and standard deviation of lnd, respectively, treated
as fitting variables, and the median diameter dm, obtained by finding the value
at which the integral of the distribution given by a log-normal function is equal
on each side of dm.

The effects of finite-level spacing (see Ref. [53]) are negligible for particle
size d ≥ 100A◦, for the temperature range we are going to consider. The level
spacing δ can be estimated from the inverse of the density of states at the
Fermi level δ ≈ 1/N(0)v, where v is the nanoparticle volume. From N(0) =

(2m)3/28πE
1/2
F /h3 and for lead, with EF = 1.1× 105(K)kB and bulk value of

the zero-temperature BCS gap ∆(0) = 1.35 meV, one can write (kBTc/δ) ≈
3.4 × 10−6d3 (with d in A◦). Thus (kBTc/δ) ≈ 1 for d ≈ 70 A◦ and only for
particles of smaller size will the level spacing become comparable to ∆(0) and
therefore invalidate the GL approach (See Ref.s [53], [48] and [49]).

From the thickness of the oxide layers, by assuming the condition of random
loose packing the density of nanoparticles with respect to bulk Pb could be
roughly estimated. Any uncertainty in the absolute value of the susceptibility
per unit volume of Lead does not affect the major conclusions to be derived in
the next Section.

The zero-field transition temperatures (see Table A.1) have been obtained
by linearly extrapolating to zero the susceptibility in a field of 1 Oe plotted vs
T 4 for T → T−c ( inset in Fig.A.3(a)). Also in Figs. A.3 a close-up of the data
for χdia, for a field of 2 Oersted and near Tc, are shown as a function of the
reduced temperature ǫ, for samples 1 and 3.

The field dependence of the transition temperature Tc(H) has been estimated
by extrapolating to zero the data for (Mdia/H) obtained in the temperature
range where this quantity varies linearly with T 4 (Fig.A.4).

In Figs.A.5 representative isothermal magnetization curves are reported in
the temperature range around Tc(0). The extraction of the diamagnetic contri-
bution from the magnetization requires a detailed subtraction procedure when
the magnetic field is increased to relatively strong values. In fact, in the range
H > Hup, |Mdia| decreases on increasing the field (see Figs.A.5), while the
paramagnetic contributions due to the Pauli paramagnetism and to a small
amount of paramagnetic impurities continue to increase on increasing H. Thus
from the computer-stored raw magnetization data around Tc(0) the magneti-
zation values measured at a higher temperature (around 8◦K) where the SF
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are negligible have been subtracted. The slight variation of the paramagnetic
contribution with temperature did not prevent reliable estimates of Mdia for
magnetic field up to about 600 Oe, as indicated by the error bars in Fig.A.5(b).

Analysis of data

The temperature range ǫ < ǫc, where critical fluctuations are expected to
occur and so the term in |Ψ(r)|4 in Eq.A.1 becomes important, can be es-
timated according to slightly different criteria. The Ginzburg-Levanyuk cri-
terion in 0D, under the assumption of the BCS condition for ξ0, yields [20]
ǫc ≈ 13.3(Tc/TF )(ξ

3
0/v)

1/2, where TF is the Fermi temperature. Alternatively,
the critical reduced temperature may be defined as the one below which the
first-order fluctuation correction to the mean field behaviour of < |Ψ(r)|2 > is
no longer sufficient [48], in which case one obtains ǫc ≈ 0.95[N(0)vkBTc]

−1/2,
where N(0) is the single-spin density of states per unit volume. Assuming
that the electron mean free path is limited by surface scattering one then
finds[45] ǫc ≈ (6kBTc)

1/2/(d/2)3/2|TcdHc/dT |Tc
. In Lead the electron density

is n = 1.32× 1023cm−3 and ξ0 = 900 Å. The experimental result for the ther-
modynamic bulk critical field yields dHc/dT |Tc

= 81 Oe /◦K. In Table A.1 the
average values of the critical temperature estimated according to the criteria
described above are listed.
In the framework of the first-order fluctuation correction theory, which is

valid for ǫ > ǫc and Hc, the single particle magnetization is given by [20]

Mdia = −kBTH(4π
2ξ2

0d
2/5Φ2

0)/[ǫ+ 2π2ξ2
0d

2H2/5Φ2
0]

= −2kBTH(H
grain
c )−2/[ǫ+H2/(Hgrain

c )2].
(A.2)

Hgrain
c = (2.5)1/2Φ0/πξ0d is defined as the zero-temperature critical field of

the grain. In fact in the same theoretical scenario the field dependence of the
superconducting transition temperature is given by

Tc(H) = Tc(0)[1− 4(π2ξ2
0H

2d2/10Φ2
0)]

≡ Tc(0)[1−H2/(Hgrain
c )2]

(A.3)

Note that Eq. A.2 implies an upturn in the field dependence of Mdia around
the magnetic field value

Hup = ǫ1/2(2.5)1/2/πξ0d ≡ ǫ1/2Hgrain
c . (A.4)

The solid lines in Fig.A.5(a) correspond to Eq.A.2, with no free parameters,
using Hgrain

c = 1150 Oe , as extracted from the field dependence of the transi-
tion temperatures on the basis Eq.A.3. The experimental values for Hup and
for Hgrain

c are close to those obtained from the above Equations by assuming
ξ0 = 900 Å, particularly if we use an effective grain size larger than the nomi-
nal one due to the size distribution. For instance, for the sample at d = 750 Å
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Eqs.A.3 and A.3 yield Hup ≈ 1.2× 103 ǫ1/2Oe and Hgrain
c ≈ 1400 Oe. The dis-

tribution of particle diameters is particularly detrimental because of the small
size of the grains and introduces large errors into the estimate of the field de-
pendence of Tc for strong magnetic fields (See Fig.A.4). The zero-temperature
critical field for grains where Hgrain

c (T → 0) is much larger than for bulk Lead,
and it is difficult to extrapolate the data for Tc(H) according to Eq.A.3.
For sample (3) (average diameter d = 750 Å) the comparison of the field de-

pendence of Tc ( Fig.A.4) with the curve derived on the basis of the temperature
dependence of Hc [49] ( for the sample at d = 860 Å) indicates that Eq.A.2 is
valid, but only for H ≤ Hgrain

c /2. This limit of validity could be expected as
Hgrain

c is intrinsically related to the first-order fluctuation correction.
From Fig.A.5 (a) it appears that the experimental data at T = 7.16 K

are very well fitted by Eq.A.2. However, for temperatures closer to Tc, and
particularly for T = 7.095 K, inside the critical region, the departure of Mdia

from the behaviour expected on the basis of Eq.A.2 is noticeable. We shall see
that the magnetization curves derived from the full form of the GL functional
and of the exact partition function will account for this departure. Based on
the results presented in Fig.A.5) we believe that the isothermal magnetization
curves convey information on the FD which is much more reliable than the more
commonly studied isofield data as a function of temperature (open circles).
Therefore the conclusion is that above the critical region our data are well

described by the theoretical predictions for fluctuating diamagnetism as out-
lined above. The departures of the experimental results for Mdia with respect
to the magnetization given in Eq.A.2 appearing in Fig.A.5(a) occur when en-
tering the critical region, and the susceptibility is smaller than the one derived
from the first order fluctuation approximation (See Eq.A.2 and the solid lines
in Fig.A.3).
Now we turn to the discussion of the magnetization curves in the critical

region. For sample 1 the majority of the measurements were made in the
temperature range where ǫ ≤ ǫc. In the limit H → 0 the magnetization is
linear in the field and the susceptibility can be written

χdia ≈ d3/2(12kBTc)
1/2/33.9λL(0)Φ0

≈ d3/20.6(kBTc)
1/2/Φ2

0H
bulk
c ,

(A.5)

which is characterized by a weak temperature dependence (see plots in Ref.[48]).
With the value Hbulk

c = 800 Oe for the bulk critical field, Eq.A.5 yields
χdia(T → Tc) = −1.5×10−5 for the sample with d = 750 Å, in good agreement
with the data in Figs.A.3. Although the observed scaling factor of χdia(T ≈ Tc)
with the grain size does not follow the expected d3/2 dependence, this depar-
ture is likely to be a trivial consequence of errors in our estimate for the filling
factor due to the presence of the insulating oxide.
From the comparison of the solid lines with the experimental data in Fig.A.5

and from the temperature dependence of the upturn field (Fig.A.6) it is evident
that the mean field correction breaks down below about 7.13 ◦K in sample 3
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and in almost the whole temperature range that has been explored in sample
1.
In the critical region the role of the magnetic field should be discussed starting

from the complete expression of the GL functional (Eq.A.1) and by using a
partition function of the form [20]

Z(0) = [π3vkBT/2b]
1/2 exp(x2)(1− (x)) (A.6)

with x = a(H)(v/2bkBT )
1/2 while a(H), is the coefficient of the |Ψ|2 term

including the factor H2d2/10 . Note that the first-order fluctuation correction
derived for ǫ > ǫc corresponds to the approximate form of the free energy
F(0) = −kBT ln(π/αǫ).
From Eq.A.6 the magnetic field dependence ofMdia can now be derived. The

parameter a(H) becomes α0Tc[ǫ+(H/H
grain
c )2], while the factor (v/2bkBT )

1/2α0Tc

has to be estimated using the relation (α2
0/b) = 8π2N(0)/7ζ(3). The resulting

expression for the magnetization (per unit volume) becomes

Mdia = (2α
√
b
√
v)k

3/2
B TcT

1/2[H/(Hgrain
c )2]

× [x− ex2

/
√
π(1− (x))]

(A.7)

and Hup can be estimated by numerical procedure. Eq.A.7, in the limit H → 0
yields the susceptibility including the quartic term in the GL functional.
In Fig.s A.7 the curvesMdiavsH resulting from Eq.A.7 are compared with the

experimental data for several temperatures. Note that for sample 3 at T = 7.16
K the theoretical curve coincides with the one shown in Fig.A.5(a), as expected
since at this temperature ǫ > ǫc. However, for the other two temperatures sig-
nificant differences appear with respect to the theoretical calculations shown in
Fig.A.5. Using the complete form of the partition function, the resulting mag-
netization curves are in very good agreement with the experimental findings,
particularly for Mdia(H ≈ Hup), having kept all the parameters unchanged.
Thus the role of the term |Ψ|4 in the GL functional is crucial in the critical
region and must be included to quantitatively describe the data.
The theoretical curves derived for the sample at d = 160 A◦ are reported in

Fig.A.7. From the comparison with the magnetization data one can observe
that the trend of MdiavsH is rather well reproduced up to a field strength
of the order of Hup , where we have used the value Hgrain

c = 2500 Oe for
the critical field (Table A.1). For small grain size the theoretical curves are
very sensitive to the value of Hgrain

c through the coefficient a(H) in Eq.A.6,
which is difficult to determine precisely by means of Eq.A.3 on the basis of
the field dependence of Tc. Nonetheless, the value of the upturn field and the
magnetization for H = Hup is rather well accounted for by our calculations.
Upon increasing the field above Hup the experimental data appear to decrease
towards zero faster than the theoretical predictions. An attempt to take into
account the size distribution of the grains reported in Fig.A.1(d) does not
lead to any significant improvement of the theoretically predicted behaviour
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at strong fields. On the other hand one should note that at strong fields
the experimental error increases rapidly as a consequence of the subtraction
procedure explained in the Experimental section. Furthermore the smallest
grains in the distribution of the diameters quantum size effects could drastically
modify the superconducting properties [53, 20], which in turn could produce
the discrepancy between theory and experiment for H > Hup. Attempts are
now under way to obtain powders with a narrower distribution in diameters of
the grains.

From the behaviour of Mdia in the critical region as shown in Fig.A.7(b)
one can see that the upturn field increases with increasing temperature while
the diamagnetic magnetization Mdia(H = Hup) increases when Hup decreases.
This implies that the qualititave behaviour predicted for the magnetization
curves by the first order correction theory is still valid even in the critical
region, although the temperature dependence of the susceptibility and of the
upturn field are strongly modified. This is reflected in Fig.A.6, since by scal-
ing the reduced temperature in term of c for each size, the quantity (Hupd)
approximately keeps a size-independent value, in spite of the breakdown of the
mean field result Hup ∝ /ǫ1/2d. The inset in Fig.A.6 shows the temperature
dependence of Hup (normalized to the value slightly above ǫc ) expected in
the critical region according to our derivation based on the exact GL func-
tional and the full form of the partition function. The experimental findings
for (Hupd) vs ǫ/ǫc are well described by our calculations.

Summarizing Remarks

By means of magnetization measurements we have studied the superconduct-
ing fluctuations and the related fluctuation diamagnetism above the supercon-
ducting transition temperature in Pb nanoparticles of size smaller than the
coherence length. The isothermal field dependence of the diamagnetic magne-
tization Mdia above Tc has been discussed in the framework of exact theories
based on the Ginzburg-Landau functional in the zero-dimensional condition.
The first-order fluctuation correction is found to be valid only outside the

critical region ǫ > ǫc where it accurately describes the behaviour Mdia for
magnetic fields H not too close to the critical field. Also, the scaling properties
of dTc(H)/dH for small fields and of the upturn field Hup in the magnetization
curves are well described within that approximation.
In the critical region, however, the role of the field and the limits of validity

of the first-order fluctuation correction have been analysed by comparing the
experimental findings to the derivation of Mdia as a function of the magnetic
field starting from the complete form of the GL functional and with the exact
expression of the zero-dimensional partition function. We find that the role
of the |Ψ|4 term in the GL functional is crucial in describing the data in
the critical region. For the sample with average grain diameter of 750 Å the
fluctuating diamagnetism can be well described by our extended model even
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in the critical region, without introducing any adjustable parameters. For
the sample with the smallest average diameter of 160A◦, the agreement of
the numerically derived Mdia with the experimental findings is again good for
fields of the order of Hup. Poor agreement between the theoretically predicted
MdiavsH and our data is observed for fields above Hup, when the fluctuating
diamagnetic contribution is approaching zero and the subtraction procedure
of the paramagnetic term introduces large errors.
The temperature dependence of the upturn field and the scaling properties

with the grain size are also well described by our calculations both outside
and inside the critical region, with the product (Hupd) vs reduced temperature
being approximately size-independent and following the predicted temperature
dependence, even though the mean field result Hup ∝ (ǫ1/2/d) evidently breaks
down. The relevance of the magnetization curves MdiavsH and of the upturn
field Hup for the study of the fluctuating diamagnetism above the supercon-
ducting transition temperature has been emphasized.
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(a)

(b)

(c)

Figure A.1: (a) XRD of Pb nano-powder. (b) TEM images of Pb nanoparticles
(Mag. 40000 X). (c) TEM images of Pb nanoparticles (Mag. 350000 X). (d) Size
histogram of Pb nanoparticles produced under experimental conditions shown in
(b). The curve in the part d represents a log-normal distribution, which has a me-
dian diameter dm1 = 170 Å (sample (1)) and a standard deviation of the particle
diameters σd1 = 40 Å.
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(a)

(b)

Figure A.2: (a) AFM image of Pb powder onto mica substrate obtained by increas-
ing the concentration of PbO in TEG and the reaction time up to threefold. (b)
Size histogram of Pb particles produced under experimental conditions shown in
(a). The curve in the part (b) represents a log-normal distribution, which has a me-
dian diameter dm3 = 720 Å (sample (3)) and a standard deviation of the particle
diameters σd3 =200 Å.
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Figure A.3: Blow-up of the temperature dependence of the susceptibility, in mag-
netic field H = 2 Oe, around Tc in sample (3) (a) and in sample (1) (b). The
solid circles are the data from the isothermal magnetization curves while the empty
squares are from the isofield measurements as a function of temperature. The solid
lines track the behaviour of χdia in the assumption that the non-linear fluctuations
can be neglected, namely the behaviour of (Mdia/H) for H → 0, according to Eq.2
in the text. The inset in Fig.3 (a) shows how the transition temperature has been
determined. ǫ is the reduced temperature.
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Figure A.4: Field dependence of the superconducting transition temperatures for
sample (3) ( •) and for sample (1) (▽). The dotted lines are the behaviours accord-
ing to Hc(T ) = Hc(0)[1 − (T/Tc)

α], with α = 2.15 and 2.2, in correspondence to
the critical field 1200 Oe ( for a sample at d = 860 Å) and for the indicative value
Hgrain

c (0) = 5000 Oe for d =160 Å (see Ref.12 ). The solid lines corresponds to
Eq.2 in the text and it appears to hold for H ≤ Hgrain

c (0)/2. For sample (1) the
extrapolation yields Hgrain

c around 2500 Oe ( see Table I).
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Figure A.5: (a) Magnetization Mdiavs.H in sample (3) at representative tempera-
tures above Tc. The solid lines correspond to Eq.2 in the text for critical field of the
grain 1150 Oe . Similar curves have been obtained for samples (2). For ǫ ≤ ǫc the
curves depart from the behaviour described by Eq.2. (b) Magnetization curves for
sample (1), all corresponding to temperature range where ǫ < ǫc, namely within the
critical region. The open circles in part (a) correspond to the data obtained from the
isofield measurements as a function of temperature, with large experimental errors.
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Figure A.7: Magnetization curves at representative temperatures derived from the
exact GL functional and the complete form of the zero-dimensional partition func-
tion. Part (a) of the figure refers to the sample at average diameter of the grains
750 Å, with the experimental data taken from Fig.A.5 (a). Part (b) reports the the-
oretical curves expected at representative temperatures for sample (1), at average
diameter size of 160 Å, compared with some experimental data.
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Abstract

The fluctuation-related diamagnetism above the superconducting transition
temperature Tc in neutron irradiated and in Al-doped MgB2 is studied by
means of high-resolution isothermal measurements of the diamagnetic contri-
bution to the magnetization, Mdia = Mdia(H, T=const). In both the neutron
irradiated and the Al-doped compounds, Tc decreases on increasing the flu-
ence and the Al amount, respectively. The magnetic field dependence of Mdia

is apparently similar in both types of compounds: in the limit H → 0, −Mdia

goes as Hn (with n in between 1
2
and 1), while by increasing the field above a

given value Hup an upturn in the field dependence occurs and Mdia decreases.
From the temperature behaviours of Hup it is proved that the origin of the pre-
cursor diamagnetism is quite different in neutron irradiated and in Al-doped
MgB2. In the latter the magnetization curves reflect the precursor diamag-
netism typical of heterogeneous systems and unrelated to superconducting

71
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Figure B.1: Temperature dependences of the volume diamagnetic magnetization
(measured in the limit of magnetic field H → 0) in the two samples of neutron
irradiated and in Mg0.75B2Al0.25. For comparison the data in pure MgB2 (Ref.12)
are also reported.

fluctuations, being due to site-dependence of the transition temperature. At
variance, neutron-irradiated MgB2 displays different and novel properties. The
fluence-dependent transition temperature is practically site-independent, the
superconducting fluctuations and the related diamagnetism basically retaining
the features of the pure (unirradiated) MgB2. Upon irradiation, the anisotropy
parameter involved in the fluctuations spectrum decreases. Correspondingly
also the upturn field Hup decreases, consistently with a less anisotropic co-
herence length in strongly irradiated compounds. The implications of these
experimental findings on the disorders induced by heterovalent substitutions
and by neutron irradiation in MgB2 are discussed.
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T = Tc the Prange law (see Refs.10,11) is verified, while for T > Tc the tendency
towards −Mdia linear in the field is noticed. The solid line tracks the field depen-
dence that would occur if no field induced quenching of the fluctuating pairs should
occur. In the inset some representative magnetization curves are shown, with the
arrows indicating the upturn fields.

Introduction

The superconducting properties of MgB2 are presently of strong interest, both
in view of the perspective technological applications as well as in regards of
the mechanism underlying the occurrence of the superconductivity. On the
other hand, these properties of MgB2 are known to be heavily modified when
some kind of disorder is introduced. The effects of heterovalent (Al for Mg)
substitutions and of neutron irradiation on the transition temperature, the
critical current and the critical fields, on the two-superconducting bands and
the crossover from clean to dirty regimes, have been subjects of extensive stud-
ies (see Refs. [55]-[60] and references therein). The character of the disorder,
related to grain boundaries, to point-like pinning centres and/or Al ions, is
worthy of particular attention. From specific heat measurements and from the
sharpness of the transition in neutron irradiated (nir) compounds an homo-
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Figure B.3: Scaled magnetization around Tc in the P-3.7 sample. In the inset two
representative magnetization curves are shown (solid line according to the Prange
law, see Caption to Fig.B.2).

geneous defect structure has been claimed with little, if any, change in the
band structure [61, 62]. In Raman spectra [63] disorder-induced violations of
the selection rules have been discussed, as related to disorder of similar nature
both in nir and in Al- doped (ald) MgB2 compounds.

In recent years the fluctuating diamagnetism (FD) in superconductors and,
in particular, the isothermal magnetization curves slightly above the tran-
sition, have been proved to be useful tools in order to get insights on the
disorder effects in terms of site-dependence of Tc and/or of the occurrence of
phase-fluctuating, non-percolating superconducting mesoscopic regions. On
approaching the transition temperature from above, the superconducting fluc-
tuations (SF) imply the arise of metastable Cooper pairs, leading to a dia-
magnetic contribution to the magnetization ( See Refs [61, 62]). It has to be
remarked that recent experimental findings in high-Tc cuprate superconduc-
tors and in MgB2 also increased the interest toward SF, since small coherence
length, reduced carrier density, high transition temperature and anisotropy
cause strong enhancement of the fluctuations [17, 20, 35, 9, 10, 64]. On the



75

1 10 100
10-8

10-7

10-6

1x10-5kkk

m
c =

 -
M

di
a(

T
)/

H
1/

2 T
c  

[(
O

e)
1/

2 / K
]

 MgB
2
 Pure (T=39.1)

 MgB
2
 P-3 (T=36.2)

 MgB
2
 P-3.7 (T=27.3)

H [Oe]

Figure B.4: Comparison of the scaled magnetization at Tc in the two nir samples
with the correspondent data in pure MgB2. The dotted lines are guide to the eye
according to a scaled field-independent scaled magnetization.

other hand, it was also suggested that the SF can reflect the electronic proper-
ties of the superconducting state. As additional remarkable feature, in under-
doped and overdoped YBCO dramatic deviations from the conventional GL
behavior are observed, leading to an anomalous diamagnetism justified on the
basis of the existence of superconducting regions at non-zero order parameter
strongly fluctuating in the phase [9, 10].
In pure, undoped and unirradiated MgB2 the following features on FD have

been evidenced [12]:

i) for T+
c and in the limit of magnetic field H → 0 the diamagnetic contribu-

tion to the magnetization goes as −Mdia ∝ H1/2;

ii) in the magnetization curves Mdia =Mdia (H, T=const), at a temperature-
dependent magnetic field Hup the magnetization |Mdia| begins to de-
crease on increasing field, due to field-induced quenching of the fluctuat-
ing pairs;

iii) Hup increases with increasing the measuring temperature (above Tc );
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iv) the scaled magnetization at Tc, for H → 0, namely mc = |Mdia|/H1/2Tc,
that according to general Ginzburg-Landau theories for Gaussian fluc-
tuations [10,11] and scaling arguments for isotropic 3D superconductors

should take the universal value 0.324 kB/Φ
3/2
0 , is enhanced because of

the anisotropy in the coherence length;

v) two-bands evidence in the superconducting fluctuating diamagnetism was
detected for temperature slightly above Tc[13].

On the other hand an enhancement of the diamagnetism above Tc has to be
expected in heterogeneous superconductors. In fact, as a consequence of the
disorder, non-percolating regions become superconducting at a local temper-
ature T local

c (r) above the bulk T bulk
c . In this case the magnetization curves

for T > T bulk
c might mimic the ones expected below Tc, for a given volume

fraction of the compound. Theoretical descriptions of this anomalous diamag-
netism have been given [65, 66]. An experimental example, for instance, has
been found in YNi2B2C [22]. A way to discriminate between precursor diamag-
netism associated to diffuse transitions and fluctuation related diamagnetism
(possibly enhanced by phase fluctuations of non-zero order parameter as in un-
derdoped superconducting cuprates) is to look at the temperature behaviour
of Hup in the isothermal magnetization curves [13, 41].
In this paper we report the results of a study of the fluctuating diamag-
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netism in neutron irradiated and in Al-doped MgB2. From the comparison of
the experimental findings it will turn out that the disorder in neutron irra-
diated MgB2 does not cause diffuse transition. Although the transition tem-
perature decreases on increasing the neutron fluence, a kind of ”homogeneous
defect structure” or disorder occurs: the transition remains sharp, the FD
is fluctuations-related and Hup increases with increasing temperature. Fur-
thermore the anisotropy parameter decreases with respect to the unirradiated
MgB2. At variance, the Al for Mg substitution induces a diffuse transition,
with an anomalous enhancement of the precursor diamagnetism of quite a
different nature.

Experimental results

The samples used in the present work have been prepared and characterized
according to the procedures explained elsewhere [56, 62]. For Mg1−xB2Alx the
doping amount varied from x = 0.1 to x = 0.3. The two nir samples we are
going to deal with in this report belong to the P-batch [62]: P-3, exposed to
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thermal neutron fluence of 7.6x1017 cm−2 and P-3.7 exposed to the fluence of
5.5x1018 −2. The main properties of the compounds are reported in Refs. [56]
and [62].
The diamagnetic magnetization above Tc has been measured by means of

the Quantum Design MPMS-XL7 SQUID magnetometer, separating the para-
magnetic Pauli-like contribution from the diamagnetic one, according to the
experimental procedure detailed in Refs. [35] and [64].
The volume susceptibilities measured in magnetic field of a few Oersted in

pure MgB2, in the two samples of irradiated MgB2 and in a typical (x = 0.25)
Al-doped compound are reported in Fig. B.1.
In Fig. B.2 isothermal magnetization data at typical temperatures around

the transition temperature in the P-3 sample are shown. In the plots the scaled
magnetization mc = |Mdia|/H1/2Tc is reported as a function of the magnetic
field. It is reminded that in the absence of any field-induced quenching of the
fluctuating pairs for Tc one should have field-independent mc (Prange law. see
Refs [17, 20]), while for Tc the magnetization is linear in the field. In the inset
of Fig. B.2 typical magnetization curves are shown. It is noted that for Hup

the magnetization |Mdia| decreases on increasing the field.
In Fig.B.3 the results for the scaled magnetization mc obtained in the P-3.7

compound are reported. The noticeable increase in the experimental error with
respect to the P-3 sample is due to the decrease of the anisotropy (see the sub-
sequent discussion) and of the transition temperature, both factors implying
the decrease of the absolute value of the magnetic moment. Furthermore it was
noticed that the large neutron fluence for the P-3.7 sample induced an increase
of the paramagnetic background, thus causing a larger error in the subtraction
procedure. The paramagnetic contribution for strong neutron fluence suggests
that paramagnetic centers are produced by radiation damage. The lowering of
Tc is possibly due to pair-breaking mechanism. EPR measurements are urged
at the aim of obtaining insights on the nature of those centers, information
that cannot be derived from bulk magnetic measurements as from the SQUID
magnetization.
Figure Fig.B.4 shows the comparison of the scaled magnetizationmc between

pure MgB2 and the nir samples. As already mentioned, for Gaussian flucuta-
tions and according to scaling arguments [20, 35] the scaled magnetization at
Tc has to be written

mc = −Mdia/
√
HTc = −0.324[kBΦ

3/2
0 ] (B.1)

This equation follows from differentiation with respect to the field of the free
energy for anisotropic superconductor (Ref. [35] and references therein), for
randomly oriented powder.γ in Eq. B.1 is the anisotropy parameter,γ =
ξab(0)/ξc(0), ξab and ξc being the in-plane and the out of plane components
of the zero-temperature coherence length. In anisotropic superconductors the
factor γ enhances the universal value [17] mc = 0.324 kB/Φ

3/2
0 . In pure MgB2

the anisotropy parameter γ is γ ≈ 7 and the upturn field Hup, for temper-
ature close to Tc, is around 80 Oe [35]. From Figure B.4 it appears that in
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the irradiated samples the upturn field decreases (see also the inset in Fig.3).
Furthermore the anisotropy factor has to be decreased by a factor about 2 for
the P-3 sample. Even more marked appears the reduction of the anisotropy in
the P-3.7 sample. The comparison with the data in pure MgB2 would lead to
the conclusion that the P-3.7 sample is almost an isotropic 3D superconductor
(see subsequent discussion).

In Fig. B.5 representative results (raw magnetization data) obtained in Al-
doped MgB2 are reported for the sample at Tc = 25.4 ◦K. At a first glance
the magnetization curves could be considered similar to the ones measured in
nir samples. A strong enhancement of the FD with respect to the pure com-
pound is noticeable, the volume susceptibility reaching a value around 10−3 for
T close to Tc. For Tc no anomalous diamagnetic contribution is present and
the paramagnetic magnetization follows the Pauli-like field and it is practically
temperature independent. On approaching the bulk Tc, Mdia is linear in the
field and the upturn field is well above 200 Oe. It should be remarked that
the difference between field-cooled and zero-field cooled data (difference not
present in nir samples) in itself is a first indication that the diamagnetic contri-
bution comes from region of the sample that are below the local irreversibility
temperature (see the subsequent discussion).

Discussion and conclusions

We first briefly discuss the experimental findings in the Al-doped compound.
The Al for Mg substitution acts on the superconducting properties most as
an electron doping. Other effects are the change of the phonon spectrum (re-
lated to the different atomic size) and disorder-induced modification of the
coupling between the bands [57, 55, 59, 56]. The transition temperature upon
substitution decreases almost linearly down to about Tc = 24 K for Al amount
x = 0.25 and then drops to about 15 K for x = 0.3 (see inset in Fig. B.5).
Correspondently the transition loses the sharpness characteristic of the pure
MgB2. The diamagnetic susceptibility at Tc, in the low field limit, increases
from χdia ≈ 8.10− 5 emu/cm3 in pure MgB2 to about χdia ≈ 10−3 emu/cm3,
in the sample at Al amount 0.25 while Mdia is practically linear in the field
up to almost 100 Oe. The magnetization curves above the transition to the
bulk superconducting state show an upturn field that decreases on increasing
temperature. As already mentioned, irreversibility effects are detected. All
these features are the signature of the anomalous diamagnetism expected in
heterogeneous, disordered systems underlying a diffuse transition. In other
words, the diamagnetism is not related to superconducting fluctuations and
the magnetization curves mimic the ones expected below the transition to the
superconducting state in any II-type superconductors, with a certain smooth-
ing of the upturn field, likely due to the distribution of the local critical fields
Hc1. Evidently, on approaching the bulk Tc from above, non-percolating meso-
scopic superconducting regions are characterized by non zero order parameter,
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thus causing a dramatic increase in the diamagnetism. Besides the early the-
oretical descriptions [65, 66] the problem of this anomalous diamagnetism has
been recently considered by Cabo et al. [41], in the light of the detection of
non conventional Ginzburg-Landau fluctuating diamagnetism in underdoped
cuprates [10].

The shape of the magnetization curves for T bulk
c results from a Gaussian

distribution of transition temperatures, with Hc1 playing a role similar to the
one of the upturn field [67, 68]. Further work is in progress in regards of this
aspect [68].

A quite different situation is induced upon neutron irradiation. The transi-
tion remains sharp (see Figure B.1) and the isothermal magnetization curves
above Tc (Fig.s B.2 and B.3) basically show the field and temperature be-
haviours evidenced in the un-irradiated compound, in spite of the marked
decrease of the transition temperatures. Furthermore the values of the scaled
magnetization at Tc (see Eq. B.1 evidences the tendency towards isotropic
superconductivity, with γ ≈ 1.

In Fig.B.6 the temperature behaviour of the upturn field Hup detected in
three Al-doped compounds, for the nir samples and in pure, untreated MgB2,
are collected. In pure MgB2 and in the slightly irradiated compound, Hup

increases on measuring the magnetization at constant temperatures, all above
Tc. On the contrary in Al doped compounds the upturn field decreases on
increasing the measuring temperature above bulk Tc. Finally in the strongly
irradiated compound P-37 the upturn fields are sketched in Fig.6 for temper-
ature above and below the transition temperature. The flattening of the data
around Tc indicates the changeover from the fluctuation induced diamagnetism
(for T ≥ Tc) to the incipient magnetization curves occurring below Tc.

From the experimental data it seems possible to conclude that the irradiation
induces a kind of homogeneously defected structure, which is reflected in the
spectrum of the superconducting fluctuations and the related diamagnetism
above the transition. The reduction in the anisotropy factor γ implies that the
coherence length along the c axis and in the plane are forced by the irradiation
towards a common value, at least for the sample exposed to the fluence of
5.5x1018 neutrons/cm2.

The decrease in the upturn field upon irradiation is more difficult to handle,
the role of the magnetic field in suppressing the superconducting fluctuations
in a two-bands superconductors being hard to treat in the framework of the
microscopic Gor’kov theory accounting for non-locality and shortwavelength
fluctuations [20]. In the crude assumption of the so-called ”zero dimensional
model” for the superconducting droplets responsible of the FD (see Ref.s [35]
and [64]), one approximately writes for the single particle magnetization

M0
dia(ǫ, T ) = −kBTH [4π

2ξ2d2/5Φ2
0]/[ǫ+ (2π2ξ2H2d2/5Φ2

0)] (B.2)

where ξ = (ξ2
abξc)

1/3 is an effective coherence length, ǫ the reduced temperature
and d an average size of the fluctuating SC droplets responsible of the FD, that
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can be assumed of the order of ξ . Under these simplifying assumptions the
upturn field in the isothermal magnetization curves is given by

Hup ≈
√
2.5
√
ǫΦ0/πξ0d (B.3)

According to this equation the reduction of Hup upon neutron irradiation
would mean that the effective, almost-isotropic coherence length is increased.
This is somewhat surprising, in view of the remark that the π band, at larger
value of the coherence length, should be brought by the irradiation to the
dirty regime more easily than the σ band. On the other hand, one should
remark that also the upper critical field Hc2, that in the clean limit is inversely
proportional to ξ2, was found to decrease for the sample P-37 [62]. An effective,
common coherence length shorter than ξπ can be assumed to occur in the dirty
regime for both the two bands [55].

As regards the possible persistence of two-band effects [64] in the spectrum
of the superconducting fluctuations, first we remark the following. The two-
band spectrum is observable in the magnetization curves only for magnetic
field perpendicular to the c axis and for temperature rather far from Tc. On
approaching the transition, the two bands merge and the magnetization curve
is no longer structured [64]. A careful experimental attempt has been per-
formed on the P-3.7 sample to look for the evidence of a double structure in
the magnetization curves. However the signal to noise ratio for temperatures
rather far from Tc is too poor to allow a firm conclusion. Furthermore the ten-
dency upon neutron irradiation towards the isotropy condition can be expected
to wipe out any double-structured magnetization curve.

Summarizing, from the isothermal magnetization curves above the supercon-
ducting transition temperature the different nature of the diamagnetism occur-
ring in Al doped MgB2 with respect to the one in neutron irradiated MgB2 has
been evidenced, thus emphasizing the quite different character of the related
disorders. Upon Al doping a diffuse transition occurs, with site dependent
transition temperatures which imply a strong anomalous diamagnetism above
the bulk T bulk

c , originated from the region of the sample having T local
c > T bulk

c .
At variance, the neutron irradiation, although decreasing the transition tem-
perature, introduces a kind of ”homogeneous disorder”: the transitions remain
sharp and the spectrum of the superconducting fluctuations revealed by the
fluctuating diamagnetism retains most of the features typical of unirradiated
MgB2. The effect of the magnetic field in suppressing the superconducting
fluctuations above a certain Hup is confirmed, with two significant modifica-
tion with respect to untreated MgB2. The upturn field Hup as well as the
anisotropy factor decrease on increasing the neutron fluence. The implications
of these novel findings have been discussed, suggesting a crossover to a dirty
regime for both the two-bands, with a common almost isotropic spectrum for
the superconducting fluctuation corresponding to an increased effective coher-
ence length.



82 B. Role of defects on superconducting properties

Acknowledgments

Marina Putti (Dipartimento di Fisica, Università degli Studi di Genova, Italy)
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L. Romanò, V. Iannotti, G. Ausanio, and C. Luponio, Phys. Rev. B 74,
134509 (2006)

2. Fluctuating diamagnetism in the Critical Region of the Superconducting
Transition in Lead Nanoparticles, E. Bernardi, A. Lascialfari, A. Riga-
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